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A NEW DEAL FOR THE 
ELEMENTARY FOUNDATIONS OF RELATIVITY! 


Y aim today is to present an elementary procedure 

for laying the foundations of relativity. This new 
approach will have the advantage of isolating the precise 
point where classical and relativistic conceptions diverge 
from each other. 

Of course Einstein himself and his followers have not failed 
to fix, and even to embody in one or more mathematical 
statements, a certain set of assumptions, which are to be 
replaced by another relativistic set (extremely close to the 
former under ordinary conditions). The most popular and 
fascinating modification of the whole point of view is, be- 
yond doubt, the one, first adopted by Einstein, which con- 
sists in a systematic replacement of ordinary translations 
by the corresponding Lorentz transformation. The formal 
background of this has now become quite familiar to any- 
one who has had, in school or from books, an introduction 
to this modern line of thought. But I shall avoid presup- 
posing any previous knowledge of this argument and beg you 
to accept, as a historical hint, the statement that, in all the 
elementary or advanced expositions that I know, restricted 
relativity is built up by simply passing, somewhat abruptly, 
from one set of formule to another. Usually the writer 
contents himself with the remark that the new formule 
contain the old as a limiting case. 


1This lecture and the two following ones were delivered at the Rice Institute in 
- September, 1936, by Professor T. Levi-Civita, of the University of Rome. 
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I regard it, however, as worth while to give attention to 
a careful survey of the traditional assumptions used in es- 
tablishing the first principles of kinematics, especially those 
having regard to time, meanwhile searching for the essen- 
tial point where a certain classical idea and the correspond- 
ing intuitive postulate have to be abandoned and replaced 
by another, as intuitive as possible, but implying relativistic 
and not classical consequences. 

This new deal for the elements of relativity claims to be 
something more than an axiomatic anatomy of its logical 
ingredients; for the following reason. For the purposes of 
physics, astronomy, and engineering, a thorough training 
in classical mechanics cannot be omitted, and, as statical 
and dynamical sensibilities are valuable, they must still be 
developed in students of natural philosophy and engineer- 
ing. It is therefore a sound policy, not only from a methodo- 
logical point of view but also from a pedagogical one, to 
connect relativity with the foundations of school training, 
emphasizing the common geometrical basis and the common 
reckoning and measuring of time for separate observers and 
thus fixing the attention on the exact moment in which the 
two lines of thought cease to be the same. This occurs when 
individual notions of time, acquired by moving observers, 
come into comparison. The traditional kinematics accepts 
the simpler of a certain pair of alternatives, thus establish- 
ing absolute time. The other alternative is far more general, 
and needs to be duly specialized in order to supply the rela- 
tivistic scheme. 


Now to proceed with a rapid development of this program. 


I. THE ORDINARY NOTION OF TIME FOR A GIVEN OBSERVER 


I take for granted that the familiar Euclidean geometry 
holds for the ordinary astronomical space S. The “fixed 
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stars,” between which no appreciable changes of relative 
position were detected until recent times, used to offer a 
natural frame of reference, a fixed point being a point which 
preserved its position with respect to the “fixed stars.” Now 
we may conceive of replacing the old Newtonian frame by 
a statistical one (in a well defined sense) and thus of being 
allowed to attribute a concrete meaning to fixed objects or 
observers in cosmic space S. With this understanding I pro- 
ceed as if I had to explain in a classroom the elements of 
ordinary kinematics. First of all comes the notion of time 
and the measure of time. Without speculating on its philo- 
sophical meaning, there is undoubtedly agreement in ascrib- 
ing a concrete (I do not say the only concrete) origin of time 
to our physiological or psychological sensations. To avoid 
vagueness, let us first fix our attention on a unique ob- 
server O. 

Successions of sensations, in particular those arising from 
rhythmic phenomena, like the pulse, the alternation of day 
and night, of seasons, and so forth, afford the first rough 
estimates of time intervals. Ancient tools, such as the clep- 
sydra, or more complicated machines, essentially based on 
vibrations (free or properly adapted), lead to more refined 
evaluations, and finally to a time-scale, like that of a good 
clock, corresponding to a continuous parameter ¢. Thus we 
get the time ¢ of O. 


2. MANY OBSERVERS AT REST 
IN THE ORDINARY ASTRONOMICAL SPACE S 


If there are many observers O, O’, --- , each develops in 
the above manner his own time, whence arise as many vari- 
ables #, ¢’, --- , which are a priori independent of each other. 
However, there is no possible ambiguity if, in accordance 
with our most deeply-rooted intuition, in establishing the 
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2 i 
correlations among ¢, 7’, --- , we suppose that O, O’, --- , 


are all immersed in the physical space (an ordinary Euclidean - 


space S), and are at rest in it: at rest, of course, with respect 
to some frame of reference having a definite meaning, e.g., 
in the old style, the fixed stars, or in more modern style, 
their statistical substitute. 

Assuming that there is perfect homogeneity in the be- 
havior of local phenomena about the various observers 
O, O’, --- , we must admit that the phenomena from which 
the times ¢, ¢’, -- - , have been inferred go on in the same way. 
This implies that the instruments (clocks), by means of 
which O, O’, --+ , deduce their time-measures, have the same 
behavior at all these places; therefore intervals At, Az’, --- , 
corresponding to the duration of analogous phenomena (that 
is, identical except for position) are to be considered equal. 
Thus, if we choose any special arrangement to characterize 
the unit of time for O, the same arrangement will fix the 
unit of time for O’, and we shall have for any other cor- 
responding duration At=A?’: ¢ and ¢’ will accordingly differ 
only by a constant 7, which may of course depend on O 
and 0’. 

It remains to be seen whether, and why (by convenient 
devices) T may be determined. Some further obvious as- 
sumptions are needed concerning the exchange of signals 
between two observers. 


3. LIGHT AND ITS PROPAGATION 


We assume as a matter of fact the mere circumstance 
that a flash of light may be sent from one place to another; 
its propagation through the Euclidean space S under con- 
sideration, being rectilinear with a constant speed c. If our 
two observers O and O’, whom we have supposed to be at 
rest in S, are separated by a distance J, a light flash will 
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take a time //c to travel in either sense between O and O’. 
By employing such signals, it is seen at once how to cor- 
relate ¢ and ¢’. Suppose that a signal starts from O at the 
instant f, of the time ¢, and arrives at O’ at the instant t,’ 
of the time z’. Owing to the identity of durations, between 
any ¢ and the corresponding ?’ there is a constant difference: 


P=t-T. 


Therefore the arrival at O’ takes place for O at the instant 
t, defined by aye 


and the interval of time required by the light to travel is 
ty’ —T—th. 


Equating this to //c we have the desired expression for T 
by means of experimental data (t’, to, J and c). Of course 
the compatibility of the assumptions requires that for any 
choice of tf, we get always the same 7. This being granted, 
we may obviously reduce 7 to zero by a simple displace- 
ment of the origin of time of one of the observers, or of 
both in obvious correlation. 

We may think of such a regulation of clocks as being 
performed at every point (assuming that the observer is at 
rest at this point) of the space S; and so we pass from the 
individual times ¢, #’, --- to a unique time #, which is not 
yet the absolute time of the traditional kinematics, but has 
many of its characteristics: just those (as we shall ascertain) 
which subsist also on a more general footing, especially from 
the relativistic point of view. If we wish to give a name to 
this kind of time, we may call it pantopic, that is, valid for 
any place in the manner just described. 

_ The absolute time of the old conception will now be in- 
troduced and illustrated. Thus we shall grasp the crucial 
moment at which relativity departs from the classical path. 


150 Levi-Civita Lectures 


4. ABSOLUTE TIME 


Let O designate as before an observer at rest in S, t being 
his time (which may be adopted for every other fixed ob- 
server). We may describe the motion of any other point P, 
assigning at every instant the position of P with respect to 
O, more precisely with respect to a Cartesian system Oxysz. 
According to the first elements of analytic geometry this 
amounts to regarding the coordinates x, y, 2 of P as func- 
tions of t. Now, if O’ with coordinates yg, , x, is another 
point of S (possibly moving with respect to Oxyz), we may 
introduce a trihedron O’x’y’z’ having axes O'x’, O’y’, O's! 
parallel to Ox, Oy, Oz respectively. If x’, y’, z’ are the co- 
ordinates of P with respect to this second frame of reference 
we obviously have the ordinary formule of transformation 


(1) x=x’+y, y=y'+y, s=2'+x. 


When 0’, like O, was an invariable point of S, we recog- 
nized, as a result of almost irrefutable assumptions, that its 
time ¢’ is, or may be reduced so as to be, equal to ¢. Note 
that, among the circumstances justifying the relation Az’ =At, 
we essentially employed the homogeneity of space and of the 
behavior of phenomena around the two observers. Obviously 
such identity of behavior is no longer necessarily experienced 
if, O being at rest, O’ is moving. 

The classical kinematics completes its temporal postulates 
by assuming that, in establishing the time ¢’ of O’, as de- 
scribed, the possible motion of O’ has no influence: therefore 
a unique variable ¢ may be assumed, which plays the réle 
of time for O’ as well as for O. This is the exact significance 
of introducing the absolute time #, that is, a time valid for 
any observer, whatever his motion may be. 
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5. GALILEAN PRINCIPLE OF COMPOSITION OF VELOCITIES 


From the preceding, the mathematical deduction of the 
Galilean composition of velocities is immediate—as given 
in elementary textbooks. One has only to differentiate the 
formule (1) with respect to ¢, where, in the more general 
case, all may depend upon ¢. We get accordingly 


(2) a mai dy _ dy’ dy dz 
ia =F 4, (Sena ge iE =o 8 


By definition, the absolute velocity of P with respect to 
O (which means with respect to the frame Oxyz) is nothing 
but the vector v having components dx/dt, dy/dt, dz/dt; 
and the analogous velocity (frame-velocity) of O’ is the vector 
w with components dy/dt, dy/dt, dx/dt. If we introduce 
furthermore the relative velocity v’ of the same P with 
respect to O’ (1.e., with respect to the second trihedron 
O'x'y's'), namely the vector defined by the components 
dx'/dt, dy'/dt, dz'/dt (the absolute time ¢ serving for O’ as 
well as for O, in the classical conception), we may condense 
the formulz (2) in the unique vectorial relation 


(3) v=v'+uv, 


which states the rule of composition of velocities and is ex- 
pressed in words as follows: 


absolute velocity = relative velocity+frame-velocity; 
| 
a result deeply rooted in the traditional intuition of ordinary 
motions, e.g., when we compare velocities of some kind as 
they are estimated by observers at rest or by those in mo- 
tion. 
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6. APPLICATION OF THE PRECEDING RULE : 
TO THE PROPAGATION OF LIGHT AT THE EARTH'S SURFACE— 
THE MICHELSON EXPERIMENT 


If we agree to regard the propagation of optical signals 
through S (the absolute Euclidean space of classical me- 
chanics and astronomy) as a particular rectilinear movement 
with constant vector-velocity c, the Galilean principle of 
composition will still be available. In passing from an ob- 
server O, at rest with respect to the fixed stars—or, as we 
may say in the old terminology, with respect to ether—to 
another observer O’, moving in any manner, we shall have 
from (3) 

(4) c=c'+u, 


c’ being the light velocity as it appears to O’: in particular 
O’ may be identified with an observer on our earth. This is 
the case we shall consider. Owing to the additive term w, 
c’ turns out to be in general different from c, and further- 
more light is no longer propagated isotropically for the vari- 
ous directions issuing from O’. The difference is very small 
because, as firmly established by astronomical observations, 
the velocity w (properly the absolute value of the velocity) 
of the earth is roughly 30 km/sec, while c is 300,000, that 
is 10* times as great. 

Considering in particular the case of a light-ray traveling 
in the direction of w, first in the same sense and second in 
the opposite one, we get from (4) the scalar relation 

C= Ceew, 
or 


Cmte cy, 


This difference in the velocity of propagation, though rela-_ 
tively very small, should produce, in a famous experiment 
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conceived and executed for the first time by Michelson in 
881, a displacement of diffraction fringes well within the 
imits of sensitiveness of optical instruments. As a matter 
»f fact, not only the original experiment of Michelson but 
ater ones, performed with every care by him and other 
yhysicists, have all given negative results, that is, almost 
complete absence of the expected displacement, at any rate 
in amount much less—only a few hundredths of that pre- 
licted by the above representation of the phenomenon. 

Hence the conclusion, afforded by experimental evidence, 
hat in reality the propagation of light behaves as if 


Cs—iC 


ither rigorously or with a closer approximation than would 
ye predicted by the classical rule (4) for the composition of 
velocities. 


7. NECESSARY REJECTION OF SOME OF THE ASSUMPTIONS 
WHOSE SIMULTANEOUS ACCEPTANCE IS CONTRADICTED 
BY THE MICHELSON EXPERIMENT 


For more than twenty years the negative result, which 
ve have just considered, has puzzled theoretical physicists. 
)bviously one at least of the premises, on which the ex- 
ected but not realized optical effect rested, must be wrong. 
3ut which of these premises, all apparently so spontaneous 
nd so immediately suggested by the simplest intuition, and 
onfirmed by daily experience? Since both geometrical and 
inematical principles were supposed to be beyond discus- 
ion, it was thought at first that the weak point might be 

e rigorous identification of the propagation of light-signals 
ith points (particles) moving with constant velocity c: in 
hich case the Galilean rule of composition would no longer 
e a necessary consequence of the assumptions, and the 
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contradiction would disappear. This explanation, very reas- 
onable from a logical and intuitive standpoint, was worked 
out on different lines by Stokes and Ritz, among others; 
but these theories are very complicated, and though restor- 
ing adherence to the facts as far as the Michelson experi- 
ment is concerned, they introduced discrepancies with re- 
spect to other phenomena and were never regarded as 
definitive. 

A pragmatic explanation was found by Lorentz, as every- 
one knows, by means of the electro-magnetic theory of light. 
From this standpoint Maxwell’s equations hold rigorously; 
on the contrary the uniform translation of rigid bodies is 
only an approximation (sufficient for ordinary phenomena) 
to be accompanied, for more refined purposes as in Michel- 
son’s experiment, by a certain very small contraction of 
body lengths in the direction of motion and, furthermore, 
by a similar contraction of time intervals, as calculated by 
co-moving observers. 

Clearly this manner of presenting a law of motion, as 
originating (through ad hoc accommodation) from a familiar 
but only approximate law, did not seem satisfactory from 
a philosophical point of view. The last step, as is very well 
known, was accomplished by Einstein, who showed that the 
very meaning of the modified translation is nothing but the 
mathematical expression of his principle of relativity. 

We wish, however, to obtain a deeper and more general 
insight into the very nature of time for a moving observer, 
without previously introducing rigid bodies and analyzing 
their translational movements. Of course, to get relativity 
itself, something more, especially suggested by it, must be 
postulated. This will be in fact a certain intrinsic character 
of events, which seems not to have been explicitly stated, 
though obviously involved in the theory. | 
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8. ABANDONMENT OF ABSOLUTE TIME— 
GENERAL FORMULA FOR THE COMPOSITION OF VELOCITIES 


O’ being an observer, in general moving with respect to 
), we still have the transformation formulz (1) to relate 
he absolute and the relative motion of P, having the co- 
yrdinates x, y, x referred to the first frame with origin QO, 
and the coérdinates x’, y’, x’, referred to the second frame 
with origin in O’. 

Suppose that, ¢ being still the time of O, there is no abso- 
ute time, so that the moving point O’ possesses a proper 
‘ime t’, which is not necessarily identical with ¢, nor differs 
tom ¢ by a constant. Ignoring for the moment the specific 
‘elations between 7’ and #, we may still consider, as before, 
-he formule (1) of transformation of parallel axes from the 
srigin O to O’, interpreting them as connecting two aspects 
of the motion of the same point P, having the codrdinates 
‘, y, %, with respect to the origin O, and the codrdinates 
«’, y’, 2’, with respect to the other origin O’. 

In the first aspect the role of time is played by #, in the 
second by #’. Obviously we may differentiate the equation 
1) with respect to ¢, noting that 

dx! _dx! dd 
eigen aaah? 


nd similarly for y’ and 3’. 
Writing for brevity 


S) dt! _ 
oe 
e have 
dx dy _ _ py" dy dz paz 


aa e+e, Fim ded media +e 
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dx/dt, dy/dt, dz/dt are, as before, the components of the 
absolute velocity v; dx’ /dt’, dy'/dt', dz'/dt’ (in which #’ takes 
the place of t) are correspondingly the components of the 
relative velocity v’, i.e., of the velocity referred to the par- 
allel axes drawn through the point O’, which is supposed to 
move in any manner whatever. The formula just written 
give the vector relation 


(6) v=kv'+u, 


which obviously differs from (3) only by the scalar factor k, 
and holds without any hypothesis. 

Admitting as usual absolute time we should have dt’ =di, 
and then, from (5), k=1; (6) reduces thus to (3). 

Our purpose is simply to recognize what determination 
of k characterizes relativity. The task will be very easy, 
since we (in this year of 1936) know beforehand where to 
go: the situation would. of course be different had not Ein- 
stein previously discovered relativity! On the way, however, 
we have ascertained that one may establish a more general 
kinematics without introducing absolute time and that, even 
from this standpoint, there is still a very simple rule for 
the composition of velocities. 

Now let us seek out a substitute for the usual postulate 
k=1, and especially for the alternative adopted in relativ- 


ity, one which is capable of explaining the failure of the 
Michelson experiment. 


9. ELEMENTARY EVENTS 


We shall give this name to events which, though really 
occupying a small space and a small interval of time, may 
be concentrated in a unique point P of the space S, and a 


unique instant ¢ (of the pantopic time, common to all ob-. 
servers at rest in S). 
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From the mathematical aspect an elementary event E 
is merely a point of the four-dimensional manifold corre- 
sponding to the couple (P, ¢) consisting of a point P of S, 
defined by its three codrdinates, and an instant t. We may 
cite a great many facts which, with obvious abstractions, 
reduce to elementary events. For instance, the closing or 
opening of an electric circuit at a well determined place; 
the lighting or extinguishing of a lamp; the firing of a gun; 
someone’s death; a collision, and so on. 


10. AMOUNT OF UNLIKENESS 
BETWEEN TWO ELEMENTARY EVENTS £ AND E£, 


If two elementary events £; and E£, both happen in the 
same place P, but at two different instants ¢, and fy, it is 
natural (disregarding qualitative diversity) to adopt the 
difference 


(7) At=t.—t, 


or better, its absolute value |At|, or, what amounts to the 
same, a proportional quantity, as an adequate measure of 
the deviation between one event and the other. 

Passing to the general case of two events £,(P,, t;) and 
E.(P2, t2), which occur not only at different instants but 
also at different places, we may of course adopt several 
devices to estimate the distinction. 

First we may disregard the diversity of position, and fix 
our attention on |Az| alone. This preponderance bestowed 
on time leads substantially to the traditional conception 
upon which the ordinary kinematics and, more generally, 
all classical physics, is founded. But it is equally permis- 
sible to pay attention also to local diversity. By mathe- 
matical analogies we should be led to apply Gauss’s criterion, 
which is the following: for any two entities (e.g., geometrical 
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figures) F;, F:, of the same sort, characterized by the values 
of m parameters, say %1, %2 °+* 5%» and V1, Vey +++ 5 Yn Te 
spectively, an adequate numerical estimate of the total de- 
viation is furnished by the quadratic form 


EF (aa a); 
1 


or, possibly, by some other positive definite function of the 
arguments *;—‘i. 

Precisely on this model rests the introduction of the ex- 
pression of constraint in analytical mechanics. The general 
idea is obviously suggested by the image of two geometric 
points, in ordinary space, which, unless coincident, appear 
always essentially distinct. 

But there exist also entities of a different kind, endowed 
with one or more dominating characters, for which the 
equality of these principal features ensures a sufficient, or 
even striking equivalence, while the identity is only an ir- 
relevant circumstance. A good example is furnished by a 
periodic function f(x). Let us consider two values x1, x2 of 
the variable x, and suppose that it is only the corresponding 
values of the function, f(«1), f(x2), which have an actual 
interest. The diversity between x, and x, then has to be 
estimated in terms of the values f(x) and f(x.). There- 
fore, if x, and x, differ only by integral multiples of & (a 
being the period of the function f), their deviation must be 
regarded as zero, and in general it will depend only upon 
the remainder after dividing x.—x, by &. It is not worth 
while to inquire now whether the absolute value of this 
remainder, or its square, or some other function, is the 
most convenient expression for the deviation. What alone 
matters is the realization that the deviation must be ap- 
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preciated in close connection with the specific nature of 
things. 


II. PROVISIONAL INTERVENTION OF AN AUXILIARY OBSERVER. 
OPTICAL CONTEMPORANEITY. 
ELIMINATION OF SINGLE OBSERVERS 


Suppose that an observer O becomes acquainted with two 
events £, and £2, in general occurring at different places 
P,, P, and different instants th, 4, by the transmission of 
signals emitted from P; and P, at the instants in which the 
corresponding events happened. 

By the postulates of the propagation of light, recalled 
in §4, these signals will reach O at the instants t,+7;/c, 
to+re/c, where 7, 72, designate the distances OP; and OP». 

If O does not belong to the straight line P,P, the signals 
arrive at O from different directions. The same is true (the 
directions being opposite) if O lies on the straight line, inside 
the segment P,P. This is enough to point out the diversity 
between the two events: for the moment we need not go 
further in searching for a quantitative representation. 

If on the other hand O lies on the straight line P,P. owt- 
side the segment, then light-signals, emitted towards O from 
the two stations P,, P2, reach O in the same direction and 
sense. The reception of both signals will occur at the same 
instant if, and only if, 


ttr/c =t+re/c. 


In this case the two events appear to be contemporaneous 
to the observer. We shall then say that they are synaesthetic 
for O, that is perceived together by him. 

Calling / the length of the segment PiP2 we have obviously 


To-T1 = seals 
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with the upper or the lower sign according as O lies (out- 
side of the segment P,P.) beyond P,; or beyond Py». 


0 


O P Fs re) 


The preceding condition of synaesthesis, with respect to O, 
may thus be written 


(8) At+1/c=0, 


where At already defined by (7), is merely the difference in 
times, fg—t. 

Let us now consider the general case, in which, O lying 
outside of the segment P,P, the condition (8) is not satis- 
fied, the binomials 


At+1/c, At—I/c, 


being accordingly both different from zero. We shall try 
to derive from them some quantitative estimate of the de- 
viation between £,, Ey, without intervention of the observer 
O, who may henceforth be located anywhere, compatibly 
with his being able to receive at the same instant the signals 
of the two events, for which it is only required that O lies 
on the straight line P;P, outside of the segment. 

To this end we first multiply by c in order to get lengths 


and fix our attention on the absolute values of the two 
binomials 


(9) [rele 
Oo =cAt— Ih 


Nobody will contest the statement that the more both 
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differ simultaneously from zero the larger the diversity be- 
tween £, and £, 1s to be considered. 


I2. INTERVAL BETWEEN TWO EVENTS. 
EVENTS INFINITELY NEAR. 
ds? OF EINSTEIN-MINKOWSKI 


Let us try to go further, introducing a criterion of meas- 
ure. As already remarked, 5,=0, or 6.=0 represent, con- 
sidered separately, the conditions under which the two 
events £,, FE, appear synaesthetic to observers located out- 
side P:P,, either beyond P; or beyond P:. Seeking now a 
definition of the diversity between the two events, in which 
both 6, and 6, are considered on an equal footing, we have 
to introduce some kind of mean: but what kind? Not the 
arithmetical one, whose absolute value 


2[5:+52| =c|Az| 


is merely (except for the constant factor c) the usual time 
difference, independent of the difference of position in space. 

In seeking a mean, in which both elements are incorpo- 
rated, the contemporaneity of optical perceptions being as- 
sumed as a test of equivalence (diversity then becoming 
zero), we are spontaneously led to think of the geometric 
mean, instead of the arithmetic; or, even more simply, the 
product aoe 


Indeed this quantity enjoys the double property of being 
“symmetric with respect to 6, and 6, (vanishing when and 
only when either 6, or 6, does) and of increasing in absolute 
value with both |6,| and |é,|. 

All of this shows the plausibility of adopting as a meas- 
ure of the diversity of two events £,, E, the product 
5:5, to be called the world interval. By (9), its numerical 
expression is 
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In particular, if the two events £,(P, t) and E,(P’, t+dt) 
are very near (in both time and space), writing dl for ], 
the interval J becomes the quadratic indefinite form ds? of 
Einstein-Minkowski: 


(11) ds? =c?dt? — dl. 


We have thus reached a genesis and a concrete inter- 
pretation of ds? which, though perhaps a little less familiar 
than some of those used in geometry and in mechanics, 
has still the advantage of implying only the simplest notions 
of geometry and of uniform rectilinear motion, without re- 
quiring, from the very beginning, the more complex analy- 
sis of rigid motions and therefore the motions of not only 
one point but of a system of points. This analysis may be 
deferred to a riper stage, the methodological foundation of 
relativity having been already established by a clear-cut, 
primary assumption. The above considerations lead us to 
regard intervals between two events as concrete physical 
entities, like distances and durations, which, however, are 
only particular cases. 

The measures of these intervals are accordingly expressed 
by the formula (10), or even (11), if we are considering es- 
pecially two events infinitely near. 

Once having admitted the intrinsic character of the ds? 
corresponding to a given interval, it follows as a necessary 
consequence that this ds? is not affected by, i.e., is an in- 
variant with respect to, our choice of any independent space- 
time variables. But a further tempting step is the attribu- 
tion to it (as, for example, to force in classical mechanics) 
of intrinsic features: i.e., of existence and determination, 
completely independent of any observer, be he at rest or 
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moving at will through S. It is here that relativity begins 
to separate itself from traditional thought. According to 
the latter, it is admitted that the same variable ¢ may rep- 
resent time for any two observers O and O’, irrespective of 
their rest or motion; the kinematics of relativity assumes, 
on the contrary, interval and not time as autonomous, i.e., 
independent of the observer. 

It is hardly necessary to remark that, for the major part 
of terrestrial and astronomical events, we have to do with 
intervals for which ct is much larger than /, so that the in- 
variance of interval is approximately the same as the invari- 
ance of At, so far as observers at rest in the S-space are con- 
cerned; but it is no longer the same for other more refined 
phenomena, especially optical ones: and it is these that called 
forth the theory of relativity and have provided very bril- 
liant, although minute, experimental tests of the theory. 


13. GENERAL CORRELATION OF TIMES 


It is obviously impossible to go further in stating the im- 
mense influence of the preceding postulate on the develop- 
ment of all mechanics and physics. I must confine myself 
now to a very simple example, and to a general remark which 
makes clearer the essence of the Lorentz transformation. 

First as an immediate consequence of the postulate, we 
may recognize what is (instead of At=At?’) the relation be- 
tween the times of two observers O and O’, the former at 
rest in S, the latter moving in any manner. 

The transit of O’ through a position P at a certain instant 
tis obviously an event £; its transit at a successive instant 
t+dt, through another position P’, infinitely near to P, is 
a second event £’, infinitely near to £. The interval of 
these two events is expressed, according to (11), by 


ds*= cdi? —dP, 
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where dl=PP’. Since, actually, the ratio dl/dt is, by def- 


nition, the absolute value of the velocity of O’ at the instant - 


t, we may write 
(12) ds? =c2(1 —v?/c?) dt. 


Now let us apply the postulate affirming that the interval 
of any two events—in our case, the transits of O’ through 
P at the instant ¢ and through P’ at the instant ¢+dt— 
may be estimated indifferently by the fixed observer O, giv- 
ing the result (12), or by the moving observer O’. Adopt- 
ing this plan, it will be remembered that the two events 
E and E’ happen at the same place, namely at O’ (passing 
first through P and then through P’). Therefore the ds in 
question is, except for the factor c, merely an elementary 
interval dt’ of the time 7’, as it runs for O’. Accordingly 


(13) at’ =*ds = dtr/1 —v?/c?, 


and the coefficient k, which we have introduced generally 


to correlate the proper time #’ of a moving observer O’ with 


the standard time ¢, appears to be 


1 


oe 


Obviously we must suppose v<c in order to have real, 
finite, non-zero, values of k. In other words, the velocity ¢ 


of light is to be regarded as a limit, never attained in the — 


motion of real bodies. 


For »<c the relation (13) shows that, for a moving ob- 
server, the intervals dt’ are smaller than the corresponding — 


ones dt; that is, the clocks of O’ go slower (contraction of 
times). 


P 
it 
! 
a 
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Permit me to finish with a striking, though almost trivial 
remark. It refers to the simplest form of motion of a body, 
kinematically conceived as a system of several points. 

From the classical point of view, if we designate the actual 
positions (i.e., positions at a generic instant 2) of these points 
by P, and their initial positions by Po, we have clearly, for 
any t, a one-to-one correspondence between the P,’s and 
the P’s. The same is true if we replace the initial positions 
P, by another manifold of points M in one-to-one corre- 
spondence with the Py’s, and therefore capable, like the 
P,’s, of individualizing the single moving particles. Accord- 
ingly, with self-evident abridged notation, we may write 


(14) P=P(M|1), 


from which we get the vector-velocity v at any instant by 
partial differentiation with respect to t (/ being regarded 
as constant): 
(15) y -2P ON). 


From the classical point of view we have to consider ¢ as 
absolute time, valid for any moving point. On the other 
hand, by the new relativistic postulate of the invariance of 
intervals, we have, for every moving point actually occupy- 
ing the position P, a proper time 2’, whose elementary in- 
tervals dt’ are shorter than the corresponding interval dt 
according to the formula (13), where v is the length of the 
vector (15). 

Fixing the attention on a well determined point, M, as 
already stated, must be regarded as constant, and v 1s, by 
(15), a well determined vector function of ¢ alone. Equa- 
tion (13) may then be integrated, giving 


; dt 
t = [cert conse 
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As the last term is intended to be “constant with respect to 
i,’ it may depend upon M, and the fourth relation above, 
to be associated with ordinary equations of motion (14), 
may be written 


eee 

(16) = [Seat x), 
x being an arbitrary scalar function of M alone. The con- 
clusion is as follows: while, in ordinary kinematics, the mo- 
tion of a continuous system is defined by (14), ¢ appearing 
in the right hand side as a parameter, the necessary associa- 
tion of (16) to represent the phenomenon of motion from a 
relativistic point of view, shows that, analytically, we have 
to do with a fourfold (instead of ternary) transformation 
between two quadruples (x, y, z, 2) and (x’, y’, 2’, t’), x, yy % 
indicating the codrdinates (e.g., Cartesian) of M and x’, y’, 2! 
those of P. 

Among these general transformations, the simplest, from 
a relativistic point of view, are to be considered those for 
which not only the amount, but also the formal expression 
of the interval is preserved. They form a linear! »® named 
after Lorentz. It is precisely the group in four variables 
for which the quadratic form 


ds* = c?dt? — dl? = c*dt® — (dx?+-dy?+dz*) 


is left invariant, 1.e., transformed (when expressed in terms 
of the new variables x’, y’, 2’, 2’) into the corresponding form 


c?dt!? — (dx!2+-dy'2+ dz!2), 
Alf we add the qualitative condition that to finite values of x, y, % t correspond 
finite values of x’, y’, z’, t’, and vice versa. Cf. a note by Dr. Clarice Munari in — 
the Rend. della R. Acc. dei Lincei, ser. 5, XXIII, 1 Sem. 1914, pp. 781-787. 
q 
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From this point on, everything goes on as it is set forth 
n good treatises on relativity. I trust, however, that I have 
contributed, by means of this preliminary introduction, a 
nethodological improvement deserving of some didactic in- 
erest. 


II 
WHAT ARE WAVES: 


T is not easy to give a general definition of waves which 
would be precise and would at the same time include all 
cases presenting a character which our intuition attributes 
to waves. When we compare various kinds of phenomena 
which in some respect or other are connected with waves, 
and try to extract that which they have essentially in com- 
mon, we perceive that certain circumstances, which at first 
sight seem characteristic, tend to efface themselves, so that 
one might be tempted to include (as Lagrange once did) 
all motion compatible with the laws of dynamics. 

However, if we content ourselves with grasping an essen- 
tial constituent (without pretending to include all cases 
which have some aspect suggestive of waves) we are led to 
adopt as typical the characterization enunciated in the fif- 
teenth century by Leonardo da Vinci in the following form: 
“The impetus is much quicker than the water, for it often 
happens that the wave flees the place of its creation, while 
the water does not; like the waves made in a field of grain 
by the wind, where we see the waves running across the 
field while the grain remains in its place.” 

To render more precise this intuitive idea of Leonardo 
we will say that a motion of a material medium proceeds 
in waves, or that it is a progressive undulatory motion, 
when the actual displacements of the particles of the medium 
are accompanied by the much more accentuated and rapid 
motion of some striking constituent of the phenomenon in 
question: for example, the propagation in the medium of a 
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ertain perturbation (of which we shall recall, in §1, one of 
he best known aspects); or of some form of energy, or again 
to consider the typical case of waves in liquids) of a free 
urface, that is to say, the surface of separation between 
yater and air ($12), or finally, of a surface of separation 
etween two different regimes of motion of a material me- 
ium (§15). 

With this understanding, I shall try to present to you a 
ummary of these different aspects, beginning, for the sake 
f greater clearness, with some quite classical generalities 
oncerning vibrating strings. I shall permit myself to dwell 
little on the elementary kinematic premises (§§1 to 8), in 
iew of the fact that they will permit me to bring in the 
otion of a group of waves (§9), and its consequences for 
ispersive media ($10), in a manner which is more direct 
nd illuminating than the usual one. 

After making certain summarizing observations (§11) con- 
erning plane waves in other classes of phenomena (acoustic, 
lastic, electrical, optical) and especially concerning the ex- 
ression for the velocity of propagation as a function of the 
arameters which physically characterize the cases in ques- 
ion, I shall consider waves in the ordinary sense of the word, 
hat is, waves in liquids, giving an account especially of an- 
ient (§12) and modern (§13) conclusions bearing upon recti- 
near propagation in canals or in the open sea. It is thus 
hat we reach a point where, thanks to numerical compari- 
ons ingeniously conceived and carried out by M. H. Favre, 
rofessor at the Ecole Polytechnique Fédérale of Ziirich, it 
: possible to justify in a satisfactory manner the use of 
yerstner waves, as they are now used in hydrography and 
1 the theory of naval design, in spite of the serious incon- 
enience of requiring for their formation entirely artificial 
on-conservative forces. It is thus explained quite simply 
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how in ordinary circumstances it is possible, with as close 
approximation as may be desired, to replace the waves 
studied by myself in 1924, which fulfill exactly all physical 
requirements, with the much more elementary and trac- 
table type discovered by von Gerstner about a century ago. 

In $14 we limit ourselves to the mere mention of certain 
collateral questions; while §15 is devoted to waves of dis- 
continuity, following the outline of Hugoniot and the very 
fruitful theory of Hadamard; and in $16 there is proposed 
a mathematical explanation of the dualism between waves 
and corpuscles which dominates modern physics. 

I think it is well to draw attention to the fact that this 
lecture follows, in its essential lines, the article entitled 
“Onde—Teoria matematica dei fenomeni ondosi,”’ published 
by Professor U. Amaldi and myself in the Enciclopedia 
Italiana. 


I. VIBRATING STRINGS 


In order to fix the ideas, we consider the phenomenon 
of transverse vibrations of a string. More precisely we ex- 
amine the typical case of a segment of a string, homogene- 
ous, flexible and sensibly inextensible, of length J, which is 
initially situated in coincidence with the rectilinear segment 
OA; and then by the intervention of suitable influences, 
vibrates in such a way that its various material elements 
perform small oscillations, in a well-determined plane pass- 
ing through the line OJ, and in a direction perpendicular 
to this line. Denoting by s the abscissa of a generic material 
element of the string in its initial rectilinear configuration, 
and by ¢ the time, the transverse displacement which the 
element undergoes will be a certain function 7(s, t) of s and. 
t; and from the theory of small oscillations of flexible in- 
extensible strings (d’Alembert) it follows that the function 
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(s,#) must satisfy the second-order partial differential 
quation 


1) 0?n T 0?n 


dt2 p O52’ 


vhere the constants p and T represent respectively the 
inear density of the string (mass per unit of length) and 
he value of the tension in the initial situation. Besides 
atisfying this indefinite equation (which is to be valid at 
very instant and for every element of the string) the dis- 
ylacement must satisfy, as the case may be, depending on 
he connection of the string with other bodies, suitable 
youndary conditions (that is, relative to the end points O 
nd 4), which, in the particular case where the end points 
ire fixed, reduce to the condition that at O and 4 the dis- 
ylacement is always zero, in other words, for every possible 
ralue of t, (0, 2) =7n(J, 2) =0. Finally, from the very nature 
f the physical phenomenon, the maximum amplitude of 
he displacement 7 of each particle must be small in com- 
yarison with the length of the string; and this essential fact 
s introduced into the mathematical treatment of the prob- 
em by means of the hypothesis that the ratio »/l may be 
egarded as a quantity of the first order, that is to say, 
ne of which the second and higher powers may be neglected. 
Ne take account of this hypothesis by supposing—as we 
nay without contradicting the indefinite equation (1) and 
he more common types of boundary conditions—that the 
unction contains an arbitrarily small constant factor e, 
vhich fixes its order of magnitude. 

In the sequel, in order to avoid developments which would 
ot conform to the limitations of this lecture, we shall study 
xclusively the consequences which derive from the validity 
f the indefinite equation (1), admitting for consideration 
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once and for all only those solutions which satisfy the bound- 
ary conditions which, in each case, may be imposed by the 
problem treated. For this reason all that is to be said here 
will be valid unconditionally (that is, for every possible 
pair of values of s and 2) in the case of an infinite string, 
for which no boundary conditions are present, but it will 
be valid only for intervals suitably delimited whenever it 
is necessary to take account of physical circumstances, rep- 
resentable in boundary conditions, as it would be in the 
case of a string, with reflection effects at the ends, and, 
more generally, with any phenomena of reflection or re- 
fraction in optics or any other field. 


2. PERMANENT PROGRESSIVE WAVES 


In order to render precise the wave aspects presented in 
the vibrations of the string, let us recall that the most gen- 
eral solution of the indefinite equation (1) is of the form 


(2) n(s, t) =m(s—Vt) + no(s+V2), 


where 7 and 7 denote two arbitrary functions of the re- 
spective arguments s— Vt, s+ Vt while V is a constant con- 
nected with the physical parameters p and T by the relation 


(3) ie 


and let us fix our attention on a solution (corresponding to 
the hypothesis that 7; is identically zero) of the form 


(4) n=m(s—Vt), 


making note of the fact that, in accord with the require- 
ments of the preceding section, we must understand that 
the function contains as a factor an arbitrarily small 
constant ¢. In this case the two variables s and ¢ (element 
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of the string and the time) do not influence the phenomenon 
independently of each other, but only by way of the com- 
bination s— Vt, so that, if they vary in such a way that this 
binomial remains constant, then the corresponding dis- 
placement will remain unaltered. Now the condition 


s—Vt=const., or s=Vt-+const. 


is none other than the equation of uniform motion along 
the line OA, with velocity ’; whence we conclude that, 
during the vibration of the string governed by the equation 
(4), any observer, moving along O4 with the constant ve- 
locity VY, is confronted at every instant by a constant dis- 
placement 7. In other words, it is as if the configuration 
assumed by the string at a given instant were displaced, 
without change, from O toward 4 with the velocity VY. If 
then we take account of the fact that this velocity V= V7/p 
is quite independent of the actual transverse velocity of 
every particle, given by 07/dt and therefore of the same order 
of magnitude as 7, namely, that of the factor e, which is 
to be kept small, we realize that we are confronted with a 
typical wave phenomenon. To be precise, waves of this 
type are, for obvious reasons, said to be permanently pro- 
gressive; the binomial s;=s—Vt on which the phenomenon 
depends exclusively, is called the phase, and the velocity 
V, which is not connected with any material element, al- 
though dependent on the physical parameters p and 7 by 
means of (3), is called the velocity of propagation of the wave 
(and also, sometimes, the velocity of phase). 

It is clear then that another solution of (1), which has, 
so to speak, the complementary form 


n=n(s+Vt), 


defines a permanent wave; and this wave differs from that 
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corresponding to the solution (4) only in the sense of propa- 
gation, inasmuch as the respective velocity is given, not by - 
V, but by —V (retrograde wave). 


3. PERMANENTLY PROGRESSIVE WAVES 
IN MANY DIMENSIONS 


In the case of phenomena in three dimensions also, 
whether acoustic, elastic, or electromagnetic, we come to 
the determination of waves, in seeking a particular class of 
solutions (of differential systems, or systems of partial dif- 
ferential equations, defining the phenomena in question) 
which depend on a single argument which is a linear func- 
tion of the three space coordinates x1, x2, x3 and of the time 
t, that is, of the type 


FT =CyX1+Cox2+C3xX3+ Co t, 


where the c’s are constants to be suitably determined. As- 
suming that we are dealing with solutions which depend 
in some manner on the space codrdinates (that is, are not 
functions of ¢ alone) we must keep at least one of the quan- 
titles C1, Co, Cs distinct from zero; that is, the vector c hav- 
INg C1, C2, C3 aS components along the codrdinate axes must 
not be null. Thus we may regard as a single argument, on 
which the solutions in question depend, the expression 
51=0/c, where c denotes the length of the vector c; and 
if we observe that the ratios a;=c,/c (1=1, 2, 3) are direc- 
tion cosines (of the vector ¢), and if we write V=—c)/c, 
the expression s; thus takes the form s;=s—Vt, where 
$= a1%1+ a2%2+ asxs 1s an abscissa in the direction (aj, a2, as). 
We are therefore dealing with plane waves, in the sense that 
the vibratory state depends, at every instant ¢, on s alone 
and is therefore identical at all points of a given plane 
s=const.; moreover, as in the case of the string, the phe- 
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nomenon has a stationary character with respect to any 
observer moving in the direction (a, as, as) so as to satisfy 
the condition s;=s—Vt=const., that is, with the constant 
velocity VY. A more general situation is obtained if we as- 
sume that s is any function (other than linear) of x1, x2, x3, 
and suppose that the determining parameters of the phe- 
nomenon depend not only on s5;=s—V¢ but also on another 
argument of purely spatial character. In this last type are 
included the so-called spherical waves. 

But still more general types of waves, conceived in this 
manner, have been studied, from a different point of view, 
by H. Bateman (Electrical and Optical Wave Motion, Cam- 
bridge, 1915) and by G. A. Maggi (Rend. Lincei, ser. 5, X XIX, 
1920, pp. 371-378). 


4. BUNDLE OF WAVES 


In the schematization of notable physical phenomena 
there arises the case of those permanent waves, for which 
the displacement 7 is (either rigorously or at least sensibly) 
different from zero only in a small neighborhood, of ampli- 
tude 26, of a certain value of the phase, e.g., 5,=0. From 
this it follows that at a generic instant 7, the interval in 
which the vibration is sensible, lies between s=Vt—6 and 
s=Vt+6, so that its center is displaced in a straight line 
through the vibrating medium, with velocity VY. It is this 
that is called, in one dimension, a bundle of waves; and it 
has its analogue also in two or three dimensions. 


5. SINUSOIDAL OR HARMONIC PERMANENT WAVES 


This important type of permanent waves is obtained if 
we suppose 7 to be of either of the two forms 


n=e sin( nba) n=e€ cos( a+8) 
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where i, a, 8 denote constants, a priorz undetermined. But 
these two expressions for are reducible one to the other by 
putting @=a—7/2; and on the other hand in either of them 
the constants a, 8 may be reduced to zero by changing the 
origin of space or time; hence it will suffice to consider the 


case 


(5) awn sin(= x) safe sin( [5 ri}). 


If we write, for brevity, T=\V—}, or 


(6) Waal Ve 

and 

(7) at (samen: 
OF =2x(< 7) 


the equation (5) takes the simpler form 
(50) n=e SIN x. 


From the fact that sin. is a periodic function of x, of 
period 27, it follows that (5) is a periodic function of the 
phase 51, with period 1, and therefore periodic in s, like- 
wise in t, with the periods J and X, respectively. This means 
that, if we fix our attention on a fixed position (that 1s, 
if we assign a fixed value to s, e.g., s=0), we have for the 
transverse vibration of the corresponding particle a sinus- 
oidal time equation which admits the period 7, called the 
period of the wave motion in question (Fig. 1). If instead 
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we fix our attention on a given instant ¢ (e.g., t=0), the 
law by which the transverse displacements of the various 
particles are governed in the vibrating medium, at this in- 
stant, is also sinusoidal, with period 4, which is called the 
wave-length, since the displacements are reproduced identi- 
cally at intervals of length (Fig. 2). The two periods T 
and (which have the dimensions of time and length) are 
bound together by the relation (6), which represents the 
law of uniform motion with respect to the time. With these 
we consider also the respective reciprocals 


1 
ae OT k=> 
which are given the names frequency and undulance, and 
which enable us to give to the equation (5) of the sinusoidal 
wave the form 


>) n =e sin 27(ks—vt). 


From the sinusoidal nature of the time equation of the 
transverse vibrations of a generic particle it follows that 
the corresponding displacement, in its periodic variations, 
reaches, at time intervals of length 7/2, maxima with the 
value e and minima with the value —e, which are designated 
by the common name wave-crests; and in the middle of the 
interval of time 7/2, between the formation of one crest 
and the next, we encounter a node, that is an instant at 
which the displacement vanishes, and the particle passes 
through its natural position; thus 7/4 is the time which 1s 
required for the particle to pass from a crest to the suc- 
ceeding node, and vice versa. The progress of the diagram 
of displacements of the various particles at one and the 
same instant is analogous to the foregoing, with the sole 
difference that the distance (no longer temporal, but spatial) 
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from a crest to the succeeding node, or vice versa, is given 
by 4/4. Thus, in the typical case of a vibrating string, we 
can give a plastic model of the phenomenon by saying that: 
to an observer stationed at a point of the string, crests and 
nodes are formed alternately at intervals of time 7/4; and, 
when he happens to see before him a crest or a node, he 
sees at the same instant formed at a distance \/4 ahead of 
him and behind him a node QO, or a crest, respectively. 


6. PERIODIC PERMANENT WAVES IN GENERAL 


The same qualitative considerations will also be valid 
obviously in the case where the displacement 7, instead of 
being sinusoidal, is an arbitrary periodic function of period 
1 of the single argument 


ad Sace an( = — 1)= 2m (ks—vt). 


Particularly simple examples are obtained, if we return to 
the sinusoidal wave (5) and restore to its place in the argu- 
ment the additive constant from which we freed ourselves 
at the beginning of the preceding section, that is, as we 
may say, by giving phase to a sinusoidal wave. We have 


thus 
n=esin( [s1— sl) 


where 5) denotes a constant having, like s,, the dimensions 
of a length. We deal here with giving phase to typical 
sinusoidal solutions, and thus all it amounts to is a dis- 
placement by the amount so of the space origin, which is 
equivalent to a shift of amount 5) (in value and sign) of 
the diagram of Fig. 2. In particular, if s) corresponds to a 
forward or backward shift equal to one fourth of a period, 
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we pass from the diagram of the sine to that of the cosine 
or else to the negative of the cosine. 

On the other hand we must call to mind that, by the 
theorem of Fourier, every periodic function 7(s:) continu- 
ous and differentiable, or satisfying other conditions still 
less restrictive, may be represented as a sum, or, in the limit, 
as a series of sines and cosines of multiples of the independent 
variable, so that we obtain, if the period of 7(s;) is 1, 


aoe 
n(51) a te, cos ann si +6, sin a si], 


or 


n(51) =F than sin (F"1.—01]), 


where a, Gn) Dn OF Ao, Cny Gn are suitable constants. In this 
way, if we set aside the constant term a)/2 (which corre- 
sponds to a translation in the direction of the displacement, 
in general incompatible with the boundary conditions), the 
periodic wave turns out to be generated by the superposi- 
tion of sinusoidal waves having, in order, wave lengths 
ts A/2; A/3, d/4,.-* and periods.7, 7/2, 7/3; 7/4,.-+- «All 
of this, naturally, is valid unconditionally in the case of an 
infinite vibrating string; when, on the other hand, we deal 
with a string of given length /, there intervene, as we have 
already noted, boundary conditions, which may be of vari- 
ous kinds and may influence the course of the phenomenon 
in an essential manner (giving rise, for example, to partial 
or total reflections at the ends, assumed to be fixed, or to 
particular dynamical conditions if an end is free). One who 
wishes, if only from an elementary viewpoint, to go further 
into these considerations, which must here be passed over, 
but which are particularly important sometimes in concrete 
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cases (elastic and, in particular, acoustical phenomena) may 
consult any of the treatises indicated in the bibliography. 


7. PRINCIPLE OF SUPERPOSITION 


When a phenomenon has to do with differential equations, 
or partial differential equations, which are linear and homo- 
geneous, as in fact (1) is, the sum of two solutions is also 
a solution; and in this consists the so-called “principle of 
superposition,” of which a particular case has been met with 
in the preceding section. But if we preserve a maximum of 
generality it is to be observed that, when we take account 
of all the characteristics of a given phenomenon, and, in 
particular, not only those of the indefinite equation, but 
also those of the boundary conditions, it happens, in gen- 
eral, that the sum of two solutions satisfying those condi- 
tions is no longer a solution of this kind, so that the prin- 
ciple of superposition must be applied with due caution. 
If, moreover, we consider, more particularly, problems re- 
lating to waves, it is necessary to note that, even in the 
favorable case in which it is true that, for the phenomenon 
in question, the sum of two solutions each corresponding 
to a propagation of waves is also a solution, it happens 
generally that the undulant character presented by each of 
these two solutions is no longer present in the sum; and a 
particularly striking example of this possibility is given by 
the general integral of (1) 


n(s, t) =m(s—Vt)+m(s+V2), 


the terms of which represent two trains of waves, the first 
progressive, the second retrogressive, while the sum, by 
virtue of representing the most general vibratory motion 


of the string, does not possess in fact the character that 
distinguishes wave motion. 


a 
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8. STANDING WAVES 


A vibratory state, which deserves particular considera- 
tion, arises in correspondence with those solutions of (1) 
which are represented as products of two functions, one of 
5 alone, the other of ¢ alone, 


n(s, t) =7(@)f(s). 


In such a case the values of s which reduce f(s) to zero 
also reduce 7 to zero, whatever t may be, so that the vibratory 
phenomenon has fixed nodes. Moreover, since we have 


St = r(2)f"(s), 


it follows clearly that those values of s, for which /’(s) 
vanishes, also reduce 0n/0s to zero for every t. Thus the 
maxima or minima, if any, of the displacement 7 are fixed, 
and the crests and troughs likewise. A simple case, in which 
this situation is realized, is obtained when we superimpose 
two sinusoidal waves of equal amplitude, phase, length, and 
period, but one of them progressive and the other retro- 
gressive; that is, by setting 


P n=esin 2n(ks—vt)+sin 2r(ks+t) | 
(8) =2e€ cos 2rvt sin 27rks. 

This vibratory state is often referred to as a typical ex- 
ample of a “standing wave,” but as a matter of fact the 
motion (8), resulting from the superposition of two trains 
of waves propagated in opposite directions, does not have 
the character of a wave motion according to the general 
criterion we indicated at the beginning. 
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Q. GROUP OF PERIODIC WAVES AND GROUP VELOCITY 


In the schematic case in one dimension (e.g., the vibrat~ 
ing string), any vibratory state is called, for obvious rea- 
sons, a “group of waves” if it is determined by the super- 
position of several permanent waves of the type considered 
in §2, and therefore corresponds to a displacement of the 


form 
n=m+m+ +++ +My, 
with 
ni(s, t) = ni (Ris —vit), 
i=1,2,---,m, where the 7; are all periodic functions, of 


period 1, of the respective arguments s;=;s—vit; and, in 
general, the undulances &; and frequencies »; vary with the 
index 7. As we have noted in the case of a single component 
wave (§7) the phenomenon does not have in general a wave 
character; but if we fix our attention more particularly on 
the case n =2, that is if we consider a binary group, which 
we will write, for simplicity, 


n=m(ks—vt) + n2(k's—v't), 


we can define a certain constant velocity U, the so-called 
group velocity, which is such that, with respect to an ob- 
server moving with this velocity in the direction of propa- 
gation, the phenomenon, without being properly undulant, 
turns out to be periodic with respect to the time. To show 
this, we consider first an observer 2, moving with a con- 
stant generic velocity U; and, supposing that at the instant 
t=0 he occupies the position s=0, we denote by £ the ab- 
scissa with respect to Q of the generic particle of the vibrat- 
ing system which has the absolute abscissa s. We have, 
for each instant, s=£+ Uz, and, if in 7, 7. we let the rela- 
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tive abscissa £ appear instead of s, the respective arguments 
become 


(9) kE—(—EU tok £—( = U)1. 


Since each of the two functions, m, m2, is periodic, with 
period 1, with respect to its own argument, it is clear that 
if we select U so that the coefficients of ¢ in the two argu- 
ments (9) are equal, the two functions will be periodic 
with respect to ¢, with one and the same period, equal to 
the reciprocal of the common value of the two coefficients 
of t. Thus we are led to set »—kRU=v’—k'U; whence we 
obtain 


La y! 
(10) U=-——) 


and this is the expression for the “group velocity.” 

This term seems quite justified if we consider the case 
in which both component waves are sinusoidal and the con- 
stants k’, v’ are approximately equal to , », respectively. 
In this case we have 


* =e{sin[2m(ks—vt)|+sin[2a(h’s —v’t)]} 
=2ecos {a[(k = k’)s = (y— vt] \ sin {a[(k+R’)s— (v+y’)t] be 


or, introducing the relative abscissa & of the observer Q, 
moving with velocity U, and taking account of the expres- 
sion (10) for this velocity, 


= 2-cosinie Se sin) m{ (EER) pp saga 


In order to recognize the salient characteristic of this 
vibratory phenomenon with respect to the moving observer 
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Q, it is to be noted that at every point whose relative abscissa 


is equal to 


Seal 
sy 


where n is any integer (positive or negative), we have rigor- 
ously »=0, and in the neighborhood of any one of these 
points the displacement 7 is very small, so that we have 
what amounts to a region which is sensibly quiet (so-called 


99 


“region of still water,” if these generalities are applied to 
waves in canals, of which we shall speak a little later). These 
tranquil regions are separated by intervals of constant length 
1/|k—k'|, a quantity which, when k’ is approximately equal 
to k, is much greater than either of the (practically equal) 
wave lengths 1/k, 1/k’ of the two component waves. In 
the interval extending between two consecutive regions of 
quiet the variation of 7, which, inasmuch as it depends on 
two distinct arguments which are linear in & and #, is not 
undulant, gives place to a diagram which may wriggle in 
an arbitrary manner varying with respect to the time which 
would be referred to as “rippled,” if we were dealing with 
the surface of a body of water. We see thus that the group 
velocity is that with which these successive wrinkled inter- 
vals, together with the intervening regions of tranquillity, 
are displaced with respect to a fixed observer. 


IO. DISPERSIVE PHENOMENA 


In the preceding generalities, kinematic in character, we 
have not taken account of possible relations between wave- 
length and period, or, what amounts to the same thing, 
between undulance and frequency. When the two constants 
of one of these pairs are not independent of each other, so 
that one of them is a function of the other, the phenomenon 
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is said to be dispersive, inasmuch as, according to (6), the 
velocity of propagation V turns out to depend on the fre- 
quency v=1/7. In such cases the formula (10), giving the 
group velocity, acquires a particularly interesting signifi- 
cance. Taking as independent argument the undulance &, 
we can express as a function of this number, not only the 
frequency »=1/7, but also the velocity of propagation 
V =\/T=v/k. Under the particular hypothesis of two pro- 
gressive periodic trains of waves having approximately equal 
undulances and frequencies, we can take k’—k as a differen- 
tial dk and »’—» as a differential dv of the corresponding 
function, so that, by virtue of (10), we have for the group 
velocity the expression 


dv 
re: 
and from this, remembering that v»=kV, where V is the 
phase velocity—that is the velocity of propagation of the 
first wave train and, therefore, approximately that of the 
second also—we deduce 


dV dV 
U=V +k =V 


When we deal with light phenomena, it is useful to intro- 
duce in the second term of this last expression for U, in 
place of V, the index of refraction n=c/V, where c denotes 
the velocity of light in empty space; and we arrive at the 
formula of Rayleigh 


r dn 
u=r(14% ), 


whence we deduce that, since, in general, the index of re- 
fraction decreases as the wave-length increases (normal dis- 
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persion)—so that we have dn/d\ <0—in this case the group 
velocity is smaller than the phase velocity. 


II. VELOCITY OF PROPAGATION IN CERTAIN IMPORTANT CASES 


Analogously to what we have seen in the case of the trans- 
verse waves of a vibrating string (§2), as in every other 
type of physical phenomenon, when we seek those solutions 
of the corresponding differential equations which have the 
character of waves, we are led to express the velocity of 
propagation by means of the salient physical constants of 
the phenomenon. Thus, if first we turn to the case of a 
string, supposing it to be elastic, and consider its longitud1- 
nal vibrations, that is, no longer normal, but parallel to the 
direction of propagation, we find 


where p is as before the linear density, while & denotes 
the so-called longitudinal modulus of elasticity of Young, that 
is the ratio between a longitudinal pull, to which the cord 
is subjected, and the corresponding unit elongation. 

For sound waves in air, considered as a perfect gas in an 
adiabatic system, we have 


Fea. 
p 


where y=1.41 is the ratio of the two specific heats of air, 
corresponding to constant pressure and constant volume, 
and p, p represent the pressure and density of air when 
unperturbed by sound vibrations. As is well known, V in 
normal conditions turns out to be about 330 m./sec. 


In the case of elastic waves in an isotropic medium we 
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find, denoting by \ and y the so-called elastic constants of 
Lamé, either 


3 Or 


Pgeaeel oe eyes 
p p 


according to whether we are dealing with longitudinal or 
transverse waves. Since the constants \ and uw are positive, 
we see that the velocity of the longitudinal wave is always 
greater than that of the transverse one; and it is worthy 
of note that both of these velocities turn out to be higher 
than those of sound in air. Inasmuch as d and yp, while 
being in general markedly different, have on the other hand 
the same order of magnitude, the ratio of the first to the 
second velocity cannot be much inferior to 2; for example, 
in steel the two velocities are, respectively, 6100 and 3200 
m./sec. It is perhaps worth while to add that, for iso- 
tropic bodies, Young’s modulus is connected with the Lamé 
constants by the relation 


TBA 2) 
as A+ 


In an elastic medium presenting a free surface, as hap- 
pens, for example, in a semi-space (elastic stratum), waves 
may be propagated which are quickly reduced in intensity 
from the free surface toward the interior; these are called 
superficial waves. Considered in the first place by Rayleigh, 
they have been studied or generalized, with particular re- 
gard to seismic applications by L. De Marchi, C. Somigliana, 
R. Einaudi (in Rend. Lincet, ser. 5, XXV, 1916; XXVI, 
1917, XXVII, 1918, ser. 6, XIX, 1934). The velocity of 
propagation of these waves is about equal to 95/100 of that 
of the transverse waves. 
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Finally, in a homogeneous isotropic dielectric, for which 
¢ and p are respectively the dielectric constant and the 
magnetic permeability, the velocity of propagation of elec- 
tromagnetic and, in particular, of light waves is given by 
the celebrated formula of Maxwell 

C2 


V?=—, 
él 


where c represents as usual the velocity of light in vacuo 
(to which, as we see, the above velocity for electromagnetic 
waves reduces when e=yu=1). If however the dielectric is 
anisotropic, while conserving magnetic isotropy, plane 
waves in all directions are still possible, but their velocities 
of propagation will vary from one direction to another. In 
so-called biaxial media, where we denote by /;, V2, V3, the 
velocities of propagation of the waves normal to the optical 
axes, the velocity 7, with which waves can be propagated 
normal to a generic direction having cosines aj, a», a3, is de- 
fined by the equation 


a3” 


Pe Fyat yor pat ya Fa -% 


and from this we obtain for the velocity a striking geometri- 
cal construction, by having recourse to the Fresnel surfaces, 
that is, those algebraic surfaces of order 4 (and of class 4), 
which admit with respect to these same axes the equation 
Ving V 9x9? 
ja at V2—r i Veer 


where 7?=x,2+-x22-+ x32. 


I2. WAVES IN LIQUIDS AND WAVES IN CANALS 


We consider a rectilinear canal of rectangular section, with 
a horizontal bottom and vertical sides; and we suppose that 


a 


What Are Waves? 189 


the liquid contained in the canal—which we shall speak of 
hereafter as water—moves parallel to the banks and has the 
same motion in all longitudinal sections, that is, in all verti- 
cal planes parallel to the banks. Lagrange, introducing for 
simplicity the hypothesis that the vertical accelerations of 
the separate particles of liquid are negligible in comparison 
with the acceleration of gravity g, considers progressive waves 
of permanent type, that is, those motions of the water in 
which the free surface ] is displaced without alteration of 
form, progressing with a velocity /, while the separate par- 
ticles, instead of being animated by a velocity comparable 
with V, execute only small oscillations with a local velocity 
having a mean value zero. 

Now, in relation to the form of the free surface, the types 
most studied reduce to periodic waves (called by the French 
“la houle’”’) and to solitary waves. It is quite clear that, in 
the first case the line / consists merely of consecutive equal 
arcs, repeated at constant intervals \ (wave-length); and 
the qualitative behavior of the curve is that of a sinusoid 
(Fig. 3). On the other hand, a solitary wave, such as might 
be produced by striking by suitable means, a mass of water 
in a canal initially at rest, consists of a single swelling, 


Fig. 3 Fig. 4 


symmetrical with respect to the maximum ordinate (Fig. 4). 
This was studied experimentally by Scott Russell (1844) 
and theoretically, in a wholly independent way, by J. Bous- 
sinesq (1871) and by Lord Rayleigh (1876). 

A rigorously periodic type of waves is given by the so- 
called trochoidal waves discovered, independently, by F. J. 
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von Gerstner and W. J. M. Rankine. In these the curve 
of the free surface has exactly the form of a trochoid (or 
modified cycloid) and the separate fluid particles describe 
small circles which become rapidly smaller toward the bot- 
tom. The velocity of propagation of the waves is given in 
this case by 


where, as usual, g denotes the gravitational acceleration and 
\ the wave-length. This solution of von Gerstner, by reason 
of the expressive simplicity of its characteristics, is widely 
used in hydraulic and nautical applications, as a theoretical 
basis for a first approach to the problem of estimating in 
some way the manifold perturbing influences which arise 
in practice; but it presents a certain inconvenience, whereby 
the application of the theoretical schema seems to be justified 
only provisionally, in the absence of something better (cf. 
§13); and this inconvenience consists in the vortical or rota- 
tional character of the corresponding vibrations of the liquid 
particles, whereas in a perfect liquid, under the action of 
conservative forces, it is possible to set up only irrotational 
motions. 

It is therefore advantageous to seek other progressive 
waves of permanent type, which, while approximating as 
closely as possible to the simplicity of those of von Gerstner, 
will be due to irrotational vibrations of the liquid particles. 
Such indeed are the waves of Lagrange, to which we re- 
ferred a little earlier, which have in fact particular impor- 
tance in the study of tides; but the restrictive hypothesis 
to which their existence is subject (the negligibility in com- 
parison with g, of the vertical accelerations of the fluid 
particles) is not in good accord with the physical facts. An 


a 
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elementary type of periodic waves, permanent and irrotation- 
al, which lends itself better to applications, is that of the simple 
sinusoidal waves of G. B. Airy. Even these are approximate, 
but the approximation in this case corresponds to the physi- 
cal nature of the phenomenon, in that it amounts to the 
assumption that it is possible to regard as a quantity of the 
first order the ratio of the maximum velocity of the particles 
to the velocity of the propagation 7. The value of V is 
defined by Airy’s formula 


where, letting \ and g have their usual meanings and de- 
noting by / the depth of the canal, we have put 


Qh 
r 


Ou 5) 

tanh a denoting the “hyperbolic tangent of a@,”’ that is, the 
quotient sinh a: cosh a. For the so-called long waves, that 
is, those having a length \ which is very large in comparison 
with the depth h (normally tidal waves are of this kind), 
a is small and tanh a/a may be regarded as unity, so that 
we obtain for the velocity V the expression 


V2= gh, 


already found by Lagrange in his approximation. With this 
same expression is to be reconciled that of the velocity of 
propagation of the single wave which is given by 


V?=g(h+a), 


where a denotes the height of the wave (height of the top 
of the swelling above the undisturbed level); and the anal- 
ogy between the two expressions seems in a certain sense 
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justified, in that the single wave may be considered as a 
limiting case of a periodic wave, when the length \ becomes 
infinite. If, instead, we deal with short waves (and in prac- 
tice we can regard as such all those for which the length 1s 
not greater than twice the depth of the canal) we can take 
tanh a as unity, and there results 


pragh gr 


=A) 
a 2a 


that is, we find again the expression which is valid for the 
velocity of propagation of trochoidal waves; and this result 
is not surprising, if we take account of the fact that the 
waves of von Gerstner, while being rotational, must in any 
case be considered as short, inasmuch as they have to do 
with a depth which is infinitely great. 

For the simple waves of Airy, which, as we have said, cor- 
respond to a solution of first approximation, the principle 
of superposition (§7) is valid. In particular, we can con- 
sider the motion of the water which results from the super- 
position of two simple waves, having the same length, period, 
and amplitude, but directed in opposite senses and which 
gives rise, as we have seen in §8, to “standing waves,”’ those 
having fixed nodes and crests. Of this type is the “‘clapotis” 
of the French. 

In the case of waves in canals, besides the general prop- 
erty that the absolute motion of the liquid particles is small 
in amount compared with the velocity of propagation, the 
important mechanical fact is verified that in the deeper 
strata there is, in the mean, no global transfer of liquid: 
if the wave propagation does give rise to some transfer of 
matter, this is confined exclusively to the surface strata. 
Thus in the typical case of the simple waves of Airy, it is 
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as if there were, in the mean, a transfer of liquid with a 
velocity y (very small compared with /) given by 


ie Sey wae 

Va iy 
with the usual meanings for g, h, a; and from this it follows 
that the intensity of transfer varies directly as the square 


of the height of the wave and inversely as the velocity of 
propagation and the depth of the canal. 


13. RIGOROUS SOLUTION OF THE PROBLEM 


In the face of results as striking, though approximate, as 
these, it was natural to pose the mathematical problem of 
the rigorous determination of permanent and irrotational 
periodic waves. G. G. Stokes and Lord Rayleigh were 
prompted in this way to obtain further approximations; 
and the actual existence of an exact solution was proved, 
in the case of very deep canals, by T. Levi-Civita (1925), 
who gave also the formule suitable for actual calculation, 
and found for the velocity of propagation the expression 


Y= 81 — a? +09 —fat+ Hart - ++), 


where we have set 


21a 
oN 


a= 5) 

a being the maximum height of the wave above the mean 

level of the canal. 

~ When a is negligible in comparison with the wave-length 

d we are led back naturally to the short waves of Airy. 
Following the researches of Levi-Civita, inquiry has been 

extended by D. J. Struik (1926) to the case of canals whose 
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depth is not extremely great, but well determined, while 
A. Weinstein (1926) has carried further the approximations 
of Boussinesq-Rayleigh for solitary waves. Particularly in- 
teresting on account of its theoretico-practical implications 
is a recent memoir by Professor H. Favre (Publications of 
the Laboratory of Hydraulics of the Federal Polytechnic School 
of Zurich, 1936), in which an accurate numerical comparison 
has been carried out between the exact solutions, namely, 
the irrotational ones (of Levi-Civita) and the vortical ones 
of von Gerstner, assuming equal values of \ (wave-length) 
and a (height) in the two cases. Favre has succeeded thus 
in establishing the fact that, for a/A <1/20, which is almost 
always the case for the types of waves which actually arise 
in practice, there is no sensible difference in the behavior 
of the lines of flow, nor in the other properties which can 
be tested experimentally. 

This shows why the trochoidal waves of von Gerstner, 
justly appreciated for their geometrical simplicity and ele- 
gance, but used hitherto without sufficient justification (on 
the contrary, in spite of the explicit counter-indications 
arising from their vortical character), constitute an ade- 
quate representation, i.e., sufficiently approximate, of the 
physical phenomenon in the various cases, hydraulic, hydro- 
graphic, and nautical, in which it is customary to use them. 
This then is the complete explanation of a success, already 
achieved several decades ago, which, however, remained 
obscure, according to the standards of general mechanical 
principles, 1.e., principles which are reasonably incontestable. 


I4. VARIOUS PROBLEMS OF WAVE MOTION 


The limits of this lecture do not permit us to speak at 
length of other types of waves, however noteworthy, nor 
of their more complex characteristics, nor of the physical 
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problems of which these are the basis. We limit ourselves 
therefore to a simple enumeration: in one dimension, waves 
produced at the surface of separation of two liquids of dif- 
ferent densities (J.-M. Burgers, N. Kotchine), and the in- 
fluence on the production and propagation of waves exer- 
cised by capillary and by dissipative phenomena (friction, 
viscosity, turbulence, etc.); in two or three dimensions, 
waves induced by the motion of ships, small motions in 
very deep canals (so-called waves of Poisson-Cauchy), oscil- 
lations in locks, ‘‘seiches” in lakes, and, leaving the field of 
liquid motion, the whole theory of sound and wave phe- 
nomena on a large scale, oceanic and atmospheric, which 
are affected by the rotation of the earth. 


I5. WAVES OF DISCONTINUITY 


In the present state of mechanics and physics one can 
say also that many natural phenomena (and, in the macro- 
scopic field, almost all of them) find their mathematical 
representation in systems S of partial differential equations 
which involve a certain number of unknown functions ¢, 
2) *** » Ym (characteristic physical parameters of the phe- 
nomenon), and in the case of three dimensions, four inde- 
pendent variables (three spatial codrdinates x1, 2, x3 and 
the time ¢#); and these systems S are normal, that is, they 
contain as many equations as there are unknown functions 
and, as a result, they are solvable with respect to certain 
derivatives of maximum order. Each particular determina- 
tion of the phenomenon, that is to say, every solution of 
the system S, remains uniquely individualized, when, after 
a three-dimensional variety (or hypersurface) 2 has been 
chosen arbitrarily in the four-dimensional space ™, %2, xs, t, 

e preassign, for that matter arbitrarily, the functions to 

hich the unknown ¢; and their derivatives are to reduce, 
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up to a certain order dependent on the nature of the sys- 
tem S. This is valid for a generic 2; but we may have par- 
ticular hypersurfaces I, called characteristics of the system 
S, for which it happens that the arbitrary elements just 
mentioned (functions to which the ¢g; and their derivatives 
to a certain order reduce, on I’) are no longer sufficient to 
determine a solution of S, inasmuch as there exist injinitely 
many solutions, all satisfying the preassigned conditions on 
I. If in such a case we fix, by means of further suitable 
conditions, two of these infinitely many solutions, e.g., 9; 
and y*, mutually distinct, it results in general that these 
are defined on both sides of the hypersurface I’; but if we 
limit ourselves to considering ¢; on one side and g* on the 
other, we have two solutions of the system S which are in 
agreement with each other only partially (that is, only to 
those orders reached by the arbitrary character of the ini- 
tial elements on a generic surface ~), while beyond those 
orders the two solutions present, with respect to each other, 
across I’, certain discontinuous characters. Now, if we turn 
from the four-dimensional space x, x2, x3, t, to the ordinary 
space %1, %2, %3, restoring to the fourth variable ¢ its réle 
as time parameter, the hypersurface gives place to a surface 
o,, variable with respect to the time; and the two solutions 
vi, v* define for the phenomenon in question two distinct 
regimes, valid, respectively, on opposite sides of o;, and this 
surface, instant by instant, marks a frontier of partial dis- 
continuity between these two regimes. As time passes, this 
frontier ¢; is displaced and, in general, is deformed; and the 
consequent propagation of the discontinuity within the 
space (and in the continuous medium which may be in- 
volved in the phenomenon) presents the fundamental char- 
acteristics of a wave, which, in contrast with those consid- 
ered hitherto, is called precisely a wave of discontinuity. 
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To make the motion precise, let a point P be fixed on o; 
relative to the instant ¢ together with the corresponding 
normal, n, to the surface. When we pass to the instant 
t+dt, o; assumes a new configuration o;44, cutting at a 
point Q close to P, which determines on n the direction of 
advancement of the wave and, with respect to o; (or, bet- 
ter, with respect to a sufficiently small region about P), a 
face, called the wave front. 

This schematization, which goes back to Hugoniot and 
has been systematically developed by J. Hadamard, has 
made it possible to reduce to algebraic calculations, sub- 
stantially, the study of the propagation of acoustic, elastic, 
electromagnetic, and other waves (but not those in liquids). 
It is not possible here to dwell upon the developments, for 
that matter relatively elementary, which permit us to de- 
duce from a normal system S the definition of the charac- 
teristic varieties which it may have, nor upon the criteria, 
which give the procedure in the evolution of the wave sur- 
face from its initial configuration. A few observations will 
suffice. 

Concerning the characteristic varieties of a normal sys- 
tem S, it is an important fact that in every case these are 
defined by a single partial differential equation (E), which 
is obtained from S in every instance by a well determined 
and valid process; but it may happen that it admits no real 
solution. For example, to Laplace’s equation 

2 2 
oe 4 FE 4 oo + SE =O, 
there corresponds as the equation (E) defining the respec- 
tive characteristic varieties, 
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which, in the real domain, is not satisfied by any function 
except z=const.; however, for the so-called canonical equa- 
tion of small motions (of an incompressible fluid) 


102 Cain CeO age = 
| aay Oxe = Ox? = OX? : 


(V =const.) the equation (E) is given by 


© Gi) ~ (Ga) Aa) “Lam 2 

V\dt Ox4 OX. 0x3 : 
which admits real solutions possessing the maximum gen- 
erality consistent with its order. Generally speaking, we 
may add that the equation (E) of the characteristic vari- 
eties certainly has real solutions (and therefore there exist 
waves of discontinuity) for all normal systems of the so- 
called hyperbolic type, while the contrary is the case for 
those of so-called elliptic type; and there is presented a whole 
series of intermediate cases of systems which are neither 
completely hyperbolic nor completely elliptic. 

As for the various classes of phenomena in which the 
concept of waves of discontinuity has found fruitful ap- 
plications, it will suffice to consider two cases of particular 
interest: 

(1) If we are dealing with a phenomenon relating to a 
continuous homogeneous medium, it is proved that, under 
suitable specifications which express the physical fact that — 
any other concomitant causes that there may be are in- 
dependent of position, the equation (E), governing the evo- 
lution of the surface o, of the wave of discontinuity, is 
such that this surface, if initially plane, will remain plane 
at any other time; that is, homogeneous media admit in 
every case plane waves of discontinuity. 
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(u) Turning to the case of an arbitrary phenomenon, we 
consider the possibility that the initial configuration oo of 
g; 1s a very small closed surface, surrounding a given point 
P, and that across o; there are set up partially, in the man- 
ner sketched above, an interior solution different from zero 
and the solution identically zero in the exterior. We have 
here a representation of those phenomena which are ini- 
tiated by a perturbation which is restricted to the imme- 
diate neighborhood of a given point, called the epicenter; 
in the course of time the wave front spreads and the per- 
turbation is confined to the interior. When the physical 
characteristics of the phenomenon are constant, as happens 
in the propagation of sound or light in homogeneous media, 
the surfaces o; relative to successive instants are all homo- 
thetic with respect to the epicenter; and, in particular, if 
we are dealing with the propagation of light in a biaxial 
medium, the epicentral surfaces o; are homothetic to the 
surfaces of Fresnel (§11). Even more interesting is the case 
in which the perturbed region (non-zero solution) instead 
of penetrating the whole interior of a and hence also of o,, 
is always restricted to a small lamina contained between a, 
and another characteristic surface interior to it and every- 
where close to it; this corresponds to the ordinary case of 
a sound or light signal of short duration. 

In every case a fundamental character of the phenom- 
enon which completes quantitatively the notion of the wave 
front—corresponding to any element do; of the surface o,, 
relative to a generic instant—is the velocity, with respect 
to the trihedral of reference (for a fixed observer), with 
which the element of surface is displaced in the direction 
of its normal. This is the so-called velocity V of advance of 
the element of wave surface. If we are concerned with a 
specifically mechanical phenomenon, that 1s, involving along 
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with the motion of a surface of discontinuity, that of a ma- 


terial medium (air or some other gas or a solid body), tnere » 


is to be considered besides the velocity V, the analogous 
velocity #, with which the element is displaced with re- 
spect to the medium. This is usually called the velocity of 
propagation and, by the principle of relative motion, is con- 
nected with V by the relation 


V=WHVl ns 


where /,, denotes the normal component (to the surface oa; 
in the direction of propagation) of the velocity with which 
the material particle moves which is situated on the ele- 
ment do; at the instant 7. 

The distinction between the velocity of advance and that 
of propagation, which is essential for phenomena which are 
typically mechanical, has no raison d’étre for phenomena 
which, like electromagnetic ones, do not imply the existence 
of a material medium; and in such cases we have usually 
a single velocity, which is strictly that of advance, but 
which, in the absence of any danger of ambiguity, is desig- 
nated indifferently by the name velocity of propagation. 

If we consider a given category of phenomena, with pos- 
sible boundary conditions, on the one hand there may or 
may not exist progressive waves, and on the other hand 
(according to the type of the corresponding normal system) 
one may or may not have waves of discontinuity. When- 
ever waves of both kinds are possible at one time, it is 
found, at least in the cases studied hitherto, that the ve- 
locity of advance V of the wave of discontinuity admits 
the same expressions in terms of the physical parameters 
of the phenomenon which are valid for the corresponding 
progressive waves (§11). 
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But there are cases in which there exists only one of the 
two types of waves. For example, liquids are endowed solely 
with progressive waves (differential systems of elliptic type, 
or, at any rate, more nearly elliptic than hyperbolic); how- 
ever, in homogeneous elastic media of general structure (de- 
pending on twenty-one structural constants) plane progres- 
sive waves are not possible (E. Beltrami), but there exist 
plane waves of discontinuity (G. Lampariello). 


16. WAVES AND CORPUSCLES 


The theory of waves of discontinuity, just referred to, 
opens the way for a remark of a general order on the dualism 
between the corpuscular and undulatory conceptions which, 
in the development of physics, after repeated vicissitudes 
in which one or the other has held the advantage, today 
tend toward agreement, as we said at the very outset, in a 
more advanced common point of view. 

In the field of optics we usually attribute to Newton the 
corpuscular conception of light and to Huygens the undula- 
tory conception, though in reality, from certain points of 
view at least, these are much older, and Newton himself, 
though giving preference to the emission theory, sometimes 
_ made use of undulatory models. As we have already pointed 
out, the great contest was decided when, following Young 
and Fresnel, it became possible to frame all phenomena 
known up to that time in an undulatory scheme, furnished 
first by an elastic model and later by the electromagnetic 
equations of Maxwell. But after all no one succeeded in 
reconciling in a simple manner the undulatory theory with 
the observed facts concerning the photoelectric phenome- 
non, which is due to H. Hertz; so that in order to represent 
these facts it became necessary to turn to the corpuscular 
point of view with the quantum hypothesis of A. Einstein, 
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according to which any beam of light of given frequency » 
is to be regarded as made up of a swarm of photons (or ~ 
quanta of light), small portions £ of energy, each propor- 
tional to the respective frequency according to the formula 
E=hy», where h is the well known constant of Planck. Still 
later the same hypothesis made it possible to account for 
the Compton effect (1923), the complex nature of which 
turned out to be satisfactorily explained, as shown by Comp- 
ton himself, P. Debye, E. Fermi, and E. Persico, when one 
adjoins to the hypothesis of Einstein not only the principle 
of the conservation of energy but also that of the conserva- 
tion of the quantity of motion. 

A corresponding change, but in the opposite direction, 
is presented in the theory of electrons. Whereas at the end 
of the nineteenth century, chiefly on the basis of the be- 
havior of cathode rays and the celebrated experiments car- 
ried out mainly by J. J. Thomson, W. Kaufmann, H. A. 
Wilson, and R. A. Millikan, electrons had remained com- 
pletely characterized as purely electric charges, all equal 
to each other, this point of view, exclusively corpuscular, 
was shown to be insufficient to account for the phenomenon 
of the diffraction of electrons in crystals, discovered in 1927 
by G. Davisson and L. H. Germer, and confirmed by later 
experiments, due to E. Rupp and G. P. Thomson; hence 
here also it became necessary to have recourse to a com- 
plementary treatment of undulatory type. 

This dualism, whereby the most notable facts of modern 
physics require the simultaneous intervention of corpuscles 
and waves, was recognized and regarded as a general law 
of nature, even before the beautiful confirmation of the 
diffraction of electrons by L. de Broglie, who sought from 
the first to give a more concrete form to his conception by 
associating with every moving corpuscle a well defined group 
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or bundle of waves. But he also recognized the difficulties 
involved in such an association. 

Now, the considerations pointed out in the preceding sec- 
tion concerning waves of discontinuity are amenable to the 
formulation of a sufficiently broad mathematical schema to 
reconcile the two aspects, undulatory and corpuscular, of 
one and the same phenomenon, whenever it is adequately 
represented in a normal differential system. In fact, with 
the partial differential equation (E) of the first order which 
defines the wave surfaces, there is intrinsically associated 
(a classical result of Cauchy) a determinate ordinary dif- 
ferential system of equations which defines, in ordinary 
space, ©® motions. Any one of these is represented in the 
space-time variety %1, %2, x3, ¢ by a line (time path), which 
constitutes a bicharacteristic of the equation (E) and, thereby, 
of the normal system governing the phenomenon. In this 
way, there are associated simultaneously with the phenom- 
enon under consideration an undulatory aspect (wave of 
discontinuity) and a corpuscular aspect which seems to be 
schematized in the motions of real or fictitious particles 
along the bicharacteristics with the time law which is de- 
termined for each of them by the canonical system (C). 
There is, in short, for any physical theory (expressible in 
a normal differential system), the possibility of waves of 
discontinuity, resolvable mathematically into the motion of 
discrete particles. 

This point of view is doubtless abstract in character and, 
from a physical point of view, agnostic; and, in partic- 
ular it gives no criterion for a concrete linking of the two 
distinct kinds of phenomena. Manifold attempts in this 
direction carried out by eminent scientists, beginning with 
de Broglie himself, as we have said, have led to the conclusion 
that it is not possible to establish a one-to-one correspond- 
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ence between waves—or bundles of waves—and corpuscles, 
without violating the so-called principle of indetermination ~ 
of Heisenberg. One can, however, broaden the question 
and seek to lay down a law of correspondence, not between 
individual elements but between trains of waves on the one 
hand and swarms of corpuscles on the other. In this way 
we succeed in establishing a correlation of a statistical type, 
on the basis of which, under suitable restrictions, we find 
and extend to more general cases the celebrated formula of 
de Broglie, which prescribes (in the absence of other per- 
turbing phenomena) a well determined wave length A to 
every type of electronic radiation, regarded from the cor- 
puscular point of view. This is given by the formula 


h 


ee? 


moO 


where / is Planck’s constant and m and v denote, respec- 
tively, the material mass of the material particles consti- 
tuting the radiation and their (mean) velocity. 
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III 


THE TRIGONOMETRY OF SMALL CURVILINEAR 
TRIANGLES ON A SURFACE 


HE first notions concerning plane and spherical trigo- 

nometry date back to the Babylonians. The Greeks 
related these notions to Menelaos’ theorem on transversals; 
substantial contributions have since been made by the In- 
dians, by the Persians, and by the Arabs. One of these 
last, Nasir Ad-Din, prepared in the thirteenth century a 
treatise on pure trigonometry; that is, it did not deal di- 
rectly with astronomy, though naturally it was influenced 
by the needs of that science. 

The Renaissance saw the completion of the deduction of 
the relations, of which only three are independent, between 
the six elements, the angles and sides, of a triangle; at that 
time, these relations were given in the extremely diverse 
forms applicable to the various cases arising in practice. It 
is necessary to come on to Euler to find the formule of 
trigonometry in their actually compact form: previously, 
for want of having defined the trigonometric functions in 
such a systematic way that the definitions should hold for 
all real values of the angle, one was obliged to distinguish 
a multitude of cases and subcases. 

An important generalization of trigonometry, from the 
theoretic point of view, was conceived by Gauss, who 
broached the study of geodesic triangles; that is, triangles 
formed by arcs of geodesics on an arbitrary surface. In 
this field appear researches of Christoffel, Weingarten, Dar- 
boux!, and M. Severi.2 

206 
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I propose now, as a further extension, the consideration 
not merely of geodesic triangles, but of triangles formed by 
arcs of arbitrary curves on an arbitrary surface. However, 
to obtain relatively simple results, we shall restrict our- 
selves to a consideration of smail triangles. 

But first of all, just what is a small triangle? If, in Eu- 
clidean geometry, we are considering rectilinear triangles, 
then smallness has no intrinsic sense, but depends on the 
unit of length; we can always, by a suitable choice, repre- 
sent the lengths of the sides by numbers as small as we wish. 
The everyday criterion of smallness is determined here nec- 
essarily by additional considerations, depending on most 
varied circumstances. But, if the sides are curvilinear, there 
exists a natural yardstick: it is the curvature. To fix the 
ideas, let I’ denote the maximum of the curvature for the 
different points of the three sides, and let Z denote the 
maximum length of the sides. Then the product I'L is a 
pure number, and we are perfectly well justified in saying 
that a triangle is small if for it the above product is less 
than a certain proper fraction, which we can treat as a 
quantity of the first order. 

Next, we are confronted with the problem of establish- 
ing, as in ordinary trigonometry, the relations between the 
lengths of the sides and the magnitudes of the angles of 
the triangle. In general, if the curves are arbitrary, we can 
attain only functional relations, that is, relations involving 
all features of the functions defining the curvilinear sides; 
but it is entirely different when we bear in mind that in 
taking recourse to the Taylor developments, we may utilize 
the smallness of the triangle to justify our considering as 
negligible, relative to unity, every quantity of order not 
léss than 1, or 2, or 3, etc. 

Continuing with our generalities, we hasten to remark 
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that we can very well consider the curvilinear triangle as 


being immersed directly in a containing Euclidean space, | 


or more generally in a containing Riemannian space of an 
arbitrary number of dimensions; but it is convenient to con- 
sider first the case, which is undoubtedly the most interest- 
ing from the geodetic or topological point of view, where 
we suppose the triangle to be drawn on a given surface o: 
a plane, sphere, ellipsoid, ete. 

If we take account of the above surface o, there is, ex- 
cept for the plane, another element, the total curvature K 
of the surface, which we must consider in order to appre- 
ciate the smallness of a triangle. Here again there is a pure 
number dependent on the dimensions of the triangle rela- 
tive to those of the surface: it is the product «LZ, where «x 
denotes the maximum of K on the triangle and its interior. 
We make the hypothesis that if 'Z is a quantity of the 
first order, then «ZL? is of the second order; that is, 1s com- 
parable with ('Z)?. 

In this lecture, we shall discuss first (§1) small plane 
triangles whose sides are circular arcs, and shall outline in 
the most straightforward way the exact trigonometric rela- 
tions, writing however explicitly only first approximation 
formulz; that is, we shall neglect terms of the second and 
higher orders. This elementary introduction gives a first 
orientation to the analogous research in the general case of 
an arbitrary surface and of a triangle with arbitrary curvi- 
linear sides, when we shall take account of terms of the 
second order but shall neglect those of order higher than 
the second. It is easy to see that, in order to pass to ar- 
bitrary curves and to our ulterior approximations, we must 
rely on a canonical representation of a curve in the neigh- 
borhood of a fixed point on the curve. We take the op- 
portunity of reviewing the deduction of the representation 
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(§2), and of obtaining the extension to the case of curves 
on a given surface. This development demands quite a bit 
of preparatory material: intrinsic differentiation and for- 
mulz of Frenet; expedient codrdinates for a small region; 
and parametric expressions (§3) for the codrdinates of a 
given curve on the surface. We study next triangles whose 
sides are geodesics (§4); in this study we find ourselves led, 
in the second approximation, to spherical trigonometry, 
either erdinary or Lobatchewskian (§5). We have now only 
to use the developments of the preceding sections to ob- 
tain, to the same order of approximation, the trigonometry 
of curvilinear triangles (§6). 

I established the formule for the first approximation in 
1934, as a rather remote corollary of an extended geometric 
research concerning the mutual relations of three families 
of curves traced on a surface. More recently, the late Cohn- 
Vossen has shown‘ that we can obtain the same result by 
direct elementary considerations. 

I had done this on my own account, without, however, 
publishing the remark, using the method which is presented 
here in §1, and which moreover is obtained from the same 
idea as that which inspired Cohn-Vossen. The passage to 
the second order, and eventually to higher orders (§8), fol- 
lows, on the contrary, as we have indicated, from an analytic 
process admitting a systematic treatment. 

_ I adjoin, for completeness, that §7 of this memoir con- 
‘tains a slight remark relative to the theorem of Legendre 
on the resolution of spherical triangles. 


I. SMALL PLANE TRIANGLES 
FORMED BY THREE CIRCULAR ARCS 


Let Pi, Prisy Pas2 be a plane triangle formed by three 
circular arcs (Fig. 1), with the obvious convention of re- 


210 Levi-Civita Lectures 


garding as identical those indices which differ by 3 or by a 
multiple of 3. 


d Gay 


=U 


bh. bo 


Fig. 1 


We fix as positive sense of describing the boundary of 
the triangle, the sense which is defined by the increasing 
order of indices, designated by the arrow in the figure. And 
we represent by /, the length of the side opposite the vertex 
P,, that is to say, the length of the circular arc PyiiPhi25 
by a the length of the corresponding chord Pryi:Piyo. If 
R, is the radius of the circle of which P,4:Pi4. is an arc, 
then the ratio J,/R, measures in radians the corresponding 
central angle. It goes without saying, that for small tri- 
angles, this angle is correspondingly small: in particular, we 
may always take this angle as being acute. 

I introduce further the curvature y, taken with a proper 
sign, having 1/R, for absolute value, and, for sign, + ac- 
cording as the corresponding arc is situated on the exterior 
(as Pai2Pn, PrPi41 in Fig. 1) or on the interior (as Py41Pr+s) 
of the rectilinear triangle P;Pi41Pi42. The acute angle, at 
Pry: or at P42, comprised between the arc Py41Pi42 and the ~ 
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chord Pi41Pi42, is equal to half the central angle of magni- 
tude /,/R;. It is convenient to give a sign to this angle by 
denoting it 6,, with 


(1.1) 2Bn=livny je (eo: 


The absolute value [6;| is thus precisely the acute angle 
between the arc and its chord; and, according to the defini- 
tion of ,, the sign of ®, is + according as the arc Pys1Phis 
is situated on the exterior or on the interior (as in Fig. 1) 
of the rectilinear triangle of chords. 

It is easy to express the sides a, and the angles a, of the 
rectilinear triangle of chords, as functions of the elements 
hb, gn, of the circular triangle and of the curvatures y,. In 
putting these expressions in the elementary formule of recti- 
linear trigonometry, we shall obtain from them all the rela- 
tions between the /,, the g, and the y;, which we propose 
to establish; these relations, duly simplified according to 
the smallness of the arcs /,, relative to the respective radii, 
will be precisely the trigonometric relations for the circular 
triangles. 

So much for the general thesis. Passing to the details, 
we first establish expressions for the angles g, in terms of 
the a, and the auxiliary (;. 

If, as for P, in Fig. 2, the circular arcs are concave toward 
the interior of the rectilinear triangle P:Pi1iPii2, then Bris 
and £42 are both positive according to (1.1), and we have 
immediately 


an) Gn = Ont Br4it Bare 


This formula holds in every case. Indeed, if one of the 
circular sides abutting on P, is, in the neighborhood of the 
point, interior to the rectilinear triangle, the corresponding 
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Fig. 2 


B is negative by (1.1), and it is just this sign that we must 
give to the angle in the expression (1.2) for g;. 
Since the chord a, subtends the arc ],, we have 


an = QR, sin(4/,/R;). 


When we replace 1/R, by +7, the ambiguity in sign dis- 
appears in every case, and we retain 


(1.3) 


REA BES, h=1, 2, aa 
Vie 


Consider now any one of the formulz of ordinary trigo-— 


nometry. It is a relation between the a’s and the a’s, and 
can be rewritten by replacing a by its value (1.3), and ap 
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by its value obtained from (1.2); that is to say, according 
to (1.1), by 


(1.4) On = Gr—F (Ing rYnsrthsevns2)s h=1, 2, 3. 


If, and such is the case, we are content with first approxi- 
mations with respect to the products J,,, we may neglect 
in the course of our calculations all terms of the second and 
higher orders relative to unity, and the results are very 
simple. 

We give explicitly, by way of example, the formula for 
the sine function, 


>) =) h=1,2; 3; 
sin a, 

where /, independent of h, designates a small quantity of 

the order of the dimensions of the triangle; namely, / is the 

length of the diameter of the circumscribed triangle. 

First of all, neglecting terms of the second and higher 
orders relative to unity, we can identify the sine with the 
arc, and we obtain as a consequence of (1.3) the result that 
Wwe may write 


(1.6) aH=hUi+@}, 
where the symbols @, @, --- designate a set of terms of 
order 1, 2, --- at least, with respect to our argument /;7;. 


In order to obtain our trigonometric formula to the same 
order of approximation, we have only to replace in (1.5) the 
quantities a, and o, by their values (1.6) and (1.4). 

Taking into account for the moment only the finite terms 
in a, we obtain from (1.6) 


(1.7) ,=Usin a+ @}. 
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Next, expanding sin a, according to (1.4), and taking into 
account only terms of the first order, we have 

sin a, =sin Ph — LL rYnsitliievn+2)COSGa+ @). 
In the terms of the first order we can replace J,41 and J, 4» 
by their values as given in (1.7), and obtain 
(1.8) sin a, =sin g,— 41 (yn SIN Cr+ Yn 41 SIN Gr4t 

+442 SIN Gn42)COS Or +3ly¥n SIN Gp, COS Yr + @. 


To abridge the notation, we introduce the triangular cur- 
vature 7; that is to say, the trinomial 


(1.9) T=3(Yn SIN Gat Yast SIN Gn4it Ya+2 SIN Gr42)- 


We now obtain from (1.5), (1.6), and (1.8) the formulz° 


40) —"-=111 4 41(q,coses—3rcote) +O} ,h = 1 
SIN gp, 


which we desired to establish. 

We see here a good example of the correction due to the 
curvature of the sides, which affects the relation of simple 
proportionality holding for rectilinear triangles. In (1.10) 
figures the auxiliary quantity /, which, according to (1.5), 
is the diameter of the circle circumscribed about the tri- 
angle of chords; that is to say, without mentioning the 
chords, the circle passing through the three vertices Ph. 

In order to obtain a set of three independent relations 
between the sides J, and the angles g of the curvilinear 
triangle, it suffices to obtain an expression for J, as function : 
of the J, g, distinct from (1.10) itself. We obtain this im- 
mediately by taking the well known expression of / as func- 
tion of the sides a, of the rectilinear triangle, and then re- 
placing each a by its value (1.3); this amounts substan- 
tially, according to (1.6), neglecting again here terms of the 
second order, to writing J, in place of a. | 
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For the triangle of chords, we have, for each h, 


Gn Ann 41On+2 


SINQ_ a 41n49 SING, 


The denominator is twice the area of the triangle; that is, 


2{p(p—a1)(p—az)(p—as)}*, 


where 


fi.11) p=3(ait+a.+as3) 


designates the semi-perimeter. 
Introducing the ratios 
an 
ete h=1, 2, 3, 
which, since each side is less than the sum of the other two, 
are proper fractions, we can write 


(1.12) Mipobs 


(1s) (12) (1s) }* 

According to (1.6), the definition (1.11) of p takes the 
form 
(1.13) — p=H(h+h+h){1+@}. 


Thus, neglecting terms of the second order relative to unity, 
we see that p is the semi-perimeter of the given curvilinear 
triangle; similarly, according to (1.6), 


babes 
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In short, the equation to associate with the theorem of 
sines (1.10), for plane curvilinear triangles, is (1.12), where 
(as first approximation, the approximation adopted up to 
now) we can calculate p and the py, from the given triangle: 
p is the semi-perimeter and y,=/,/p, so that 


(1815) Mit pets =2. 


It is perhaps worth while to observe that, as a third equa- 
tion to be associated with (1.10), where / has the meaning 
of an auxiliary, indeterminate constant, we may use 


atarztas =T7; 


which is a goniometric identity for a rectilinear triangle, 
but becomes, according to (1.4), an effective relation be- 
tween the elements of the curvilinear triangle under con- 
sideration. 

In an analogous manner, we can generalize the other 
formule of ordinary rectilinear trigonometry, to the case 
of triangles formed by three circular arcs. I just point out 
this small old-fashioned task to those who wish to carry 
the calculations to the end. 


2. LOCAL REPRESENTATION OF PLANE CURVES 


Let a plane curve C be given, let Q be an arbitrary point 
on C, let s be the curvilinear abscissa of Q measured from 
a fixed point P of C, and let the curve be regular between 


P and Q inclusive. If x, y designate Cartesian codrdinates, 
the functions 


(2.1) x=x(s), y=y(s), 


which define the curve C in parametric form, shall be sup- 
posed to be continuous, together with all the derivatives 
which we shall have occasion to consider, along the arc PQ. 
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In the same sense, the point Q and the unit vectors t and n 
are regular functions of s, where ¢ is directed along the tan- 
gent to C at Q, in the positive sense of s, and n is directed 
along the normal, in such a sense that the couple ¢, n is 
oriented as are the positive directions of the codrdinate 
axes x, ¥. 

For every point Q, we have the classical formula 


and the formule of Frenet, 


D. oe 

( 3) ds yn, 
dn 

(2.4) Fi = = 


where y denotes the curvature of C with sign, and precisely 
with the sign +, if n is directed toward the concavity of C, 
but with the sign -- in the contrary case.°® 

Differentiating (2.3) with respect to s, and replacing dn/ds 
by its value (2.4), we obtain 

at 

(2.5) rT —yt+yn, 
where the superposed dot is an abridged notation for d/ds. 

Applying the Maclaurin development to the point Q(s), 
we have 


(2.6) O(s)=P+st-+hsyntes(—yttin) +, 


the terms not written being of order superior to the third 
with respect to s. Of course, the vector and scalar coefh- 
cients are all calculated at the point P. 

Such a development can be extended by calculating the 
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successive derivatives of Q, and consequently of t, accord- 
ing to (2.3), and by eliminating each time the derivatives" 
of n, according to (2.4) and its derivatives. 

Formula (2.6) shows us that, in order to carry the de- 
velopment just to include the term in s*, we must introduce 
y and y. We see immediately, in reasoning by induction, 
that in carrying the development just to include the term 
in s™, we must introduce the derivatives of y at P through 
the order m—2. 

We take account now of the essential circumstance that 
we are dealing with small arcs. Generalizing what we ad- 
mitted in the introduction regarding the product 'Z, where 
I’ is the maximum of the curvature and L is the length of 
the small arc considered, we admit that the successive terms 
in the development of Q(s) according to the powers of s, 
which (a factor s being taken separately) are pure num- 
bers, have an order of smallness not less than m—1 for 
the term in s™. If this is granted, we can in particular make 
formula (2.6) specific, as far as the order of approximation 
is concerned, by writing 


(2.7) Q(s)=P+s{tt+hsyntas(—yt+yn)+@}. 


If we suppose the origin of codrdinates to be at the point 
P, we obtain a canonical representation of a plane curve in 
the neighborhood of one of its points.? We have only to 
take rectangular components in the above vectorial rela- 
tion; that is to say, we have only to decompose the second 
member according to ¢ and n. We obtain 


(2.8) [ir She @}, 
y=sldsyteryt+@}, 


where (@) depends on the values of y, y on the entire arc 


PO. 
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3. GEODESIC CURVATURE AND THE FORMUL OF FRENET 
FOR A CURVE DRAWN ON A SURFACE 


On a surface o we can consider, as in the plane, a curve 
C and a vector w, which is a function of the variable point 
Q on C. 

Let the surface be given in terms of any curvilinear co- 
ordinates x!, x? whatsoever, let 


2 


3.1) dst=)) aindxidx’, Ain =A (x, x2), 
1 


be the expression of its linear element, and let w‘ be the 
contravariant components of the vector w. 

We designate here too by s the length of arc on C, meas- 
ured from a fixed point P, so that 


£3.2) Kh wis) ext == x25) 


are parametric equations of the curve C. Then the unit 
vector ¢, tangent to C at the variable point Q of curvilinear 
abscissa 5, has for contravariant components 


1 
3-3) i oe 2 


This being granted, it is necessary again for us to recall 
that we can generalize in an invariant manner the notion 
of the derivative of the vector w with respect to s, the 
length of the curve C, by defining this vector Dw by means 
of the components® 


_ dwi 2 dx* 
(3.4) (Dw)'= a =e dain Th, 20” rad 


which, as easily could be verified, have contravariant be- 
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havior, where the I’, denote the Christoffel symbols of the 
second kind for ds?. 

It follows furthermore from (3.4) that this same vector 
Dw has for covariant components 


E 2 h 
(3.5) (Du), = 8 — Yn D0) 
We note in passing that, if w is defined not only on C, but 
also on a two-dimensional domain of a, in the neighborhood 
of C, we can introduce the partial derivatives of w‘* with 
respect to x! and with respect to x?; we have then 


= 2. owt = 
= 2a Ox" 


and this permits us to write the contravariant components 
(3.4) of Dw in the form 


(Dw) ‘= a +00 ae 


or again, since the quantity in brackets is the covariant 
Fy . 4 
derivative wy, 
_o< an”, 
(Dw)*= pe Win == 5) 
i ds 
from this last formula we perceive the contravariant char- 
acter of the components (Dw)‘. For the case actually con- 
sidered, of a vector w defined uniquely on C, I refer to my 
book previously cited. 
If in particular we make the vector w coincide with 4, 


we know that 


Dien 
if 


where n denotes the surface vector normal to ¢ toward the 
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: 1 
concavity of C, and A denotes the absolute value of the 


geodesic curvature. If vy denotes +n, and we put for con- 
formity 


2 1lR 


we obtain 
(3.6) Dt=yv, 


where vy is the geodesic curvature of C, with sign, and pre- 
cisely with the sign + if v is directed toward the concavity 
of C, the sign — in the contrary case. The vector v has the 
two properties of being a unit vector and of being perpen- 
dicular to ¢. In accordance with the metric of the surface o, 
these facts are translated into the two formule 


2 2 
See >: vit; =0, 
1 


1 


v; and #; denoting, of course, covariant components. 
Differentiating the first equation with respect to s, we 


obtain 2 /dyi ae 
y(F vet ae »*)=0, 
If we replace dv/ds, according to (3.4), by 
oe rae 
(Dy)*— an I, py} Fes 
and dy;/ds, according to (3.5), by 
2 dxh 
(Dy) i+ dun Th; aye 
_we find after a reduction that 


¥4[(Dv)év:+ (Dy) .v'] =0. 
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The two sums are equal, each of them representing the 


scalar product of Dy and v, in accordance with the metric ~ 


(3.1). This product is therefore null, whence we are as- 
sured that the vector Dv is perpendicular to y, on go, and 
consequently has the same direction, if not the same sense, 


asal 
We can therefore write 
(3ah) Dyv=—y*t, 


y* representing a scalar factor as yet undetermined. In 
order to determine it, we have only to differentiate with 
respect to 5 the relation of orthogonality 


and then to replace, as always, the derivatives dvi/ds and 
dt;/ds by their values obtained from (3.4) and (3.5). We 
have thus 


> [(Dy)it;+ (Dt) ;v'] =()} 


But, in terms of covariant components, (3.6) is equivalent 
to 


(Dt) ;=yvi- 
Similarly, for contravariant components, (3.7) gives 
(Dy) = —y*ti. 


Since tf and y are both of length 1, the equality arising from 
differentiation becomes therefore 


Ay atari), 
The expression for Dy acquires precisely the form 


(3.8) Dv=—yt, 
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which is exactly the second formula of Frenet for curves 
on go, the first being (3.6).° 

Returning to the contravariant components (3.4), putting 
w=t and writing ¢‘ in place of dx‘/ds, we obtain the two 
formule of Frenet (3.6) and (3.8) explicitly in the form 


dt* 2 
3.9 —_—-= a j ls, ‘ith, 
( ) ds WP » ni “jh 
dvi 2 : 
(3.10) 7 ti ak eyar? i=1,2. 
J 1 


For simplification, it is convenient to refer to isothermic 
coordinates x1, x?; that is, coordinates such that ds? reduces 
to the form 


£3.11) ds? =)(dx"+ dx). 


It is convenient, moreover, to concern ourselves especially 
with the canonical form’? relative to the point P, which 
is the origin of the arc s. Then, in a neighborhood of P, 
of either the first or the second order, everything behaves 


as if X had the form 
1 


1 +202") 


’ 


where the coordinates x1, x? vanish at P, and where K de- 
notes the total curvature of the surface o at the point P. 
If we adopt the obvious notation 


EONS enero. Nae 
axe Oxi Oxk 


di 1,k=1, 2, 


we see at once that, at the point P, 


N= 1, M=A\7r=0; 


pL2 
:) ) 11 =Axn = —K, Av =0. 
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The values of the second derivatives can be written to- 
gether in the formula 


(3.13) Nuw=—OnK, 1, k=1, 2, 


where the 5,, are the symbols of Kronecker (0 for 1#k, 
defor 1—). 
We have, consequently, 


ee 
Typ = yr dn 5i1{ 51M +5 wrAz— Syd 1}. 


Since 6;; is zero for 147 and equal to unity for /=7, we 
have simply 


(3.14) T= py Lunt buds— Sidi}. 


Introducing these values in (3.9), replacing ¢‘ in the first 
member by dx‘/ds, and using the relation 


Ae? +2") =1, 
we obtain 
d2xt é ies r; 
caky dst 1 2a a: 


At the point P, we have simply 


d2x* : : 
(3.16) (SE) = i=1, 2, 
Similarly, (3.10) reduces at the point P to 
dy* 
Sealy ee at 
(3.17) ( a), vei. 


Differentiating (3.15) with respect to s, and taking account 
of the fact that, for a function f(«!, x?) such as d, Ay OF Nit 
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df_ & of = 2 : 
bere ay 
we obtain from (3.16) the relation 


ae semen Sik a a wip 1 é 
“ds8 Se leo at Dindail Liste Dp Deal 


where y denotes (dy/ds)p, and where the omitted terms 
vanish at P. 


Taking account of formulz (3.13), we have 
dx +2 : a as Oe es ; 
(3.18) Ta =yv'— yt! Kit—fKti=yvi+ GK —7et!. 
Bea 

At the point P, we have }\=1; and the components 
f=dx'/ds, ?=dx*/ds of an arbitrary direction ¢ coincide, 
according to (3.11), with their direction cosines, that is to 
say, with cos 6, sin 6, where @ is the angle which the vector 
t makes with the positive direction of the x!-line (x?=const.). 
Similarly, v has components 


yi= cos( 045) =—sin§@, v= sin(0+5) =cos 6, 


since V is always turned through an angle 7/2 from ¢ in the 
positive sense of rotation, which is the sense of circulation 
Pi,Pi41Pr42 when we are considering a triangle. 

It follows from (3.3), (3.16), and (3.18), that for the 
point P, 


dx} =cos 9 dx? =sin 6 
ds aa j ds ]p ; 
d2x} : d?x? =th 9 
(3.19) (ae) .- si 4 (as),-7o% 
(35) = (1K —y?)cos 0—¥ sin 8, 
P 


(S) = = (4K—vy?’) sin 0+7 cos 8@. 


gst 
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We are finally able to write, as in the preceding section, and 


with the same remark concerning the arcs, which are re- 


garded as being small, the developments of the codrdinates 
x1, x2 of a curve extending from the point P in the direction 
@ measured from the positive direction of the x'-line, in 
terms of powers of the arc 5s; we give these explicitly to 
the third order inclusive. In the first place, since x! and x? 


vanish for s=0, we have 
=) +o}; i= 
P 


=A) 1) 48 


where the derivatives at the point P are given by (3.19). 
In taking into account the factors cos 6, sin #, we can 


write 
[ xt=cos 0 - yi+sin 6 - 
(3.20) 
=cos 6+ y?+sin 6 - 2, 
where 
=s{1+5GK—y)2+@}, 
(3.21) 
=sldysterr+@}; 
1=5{—$7s—37"+ ©), 
(3.22) BA —ers @} 


Sane —7')°+ @}. 

Evidently, the formulas (3.21) are the parametric ex- 
pressions of the codrdinates of a curve C tangent at P to 
the positive x!-line, where 6=0, while those of (3.22) refer 
to a curve tangent to the orthogonal direction x?. 


4. GEODESIC CURVE ISSUING FROM P. 
ANGLE WITH THE CURVE AT THE POINT P. LENGTH 


If we are concerned in particular with a geodesic, so that 
y=7=0, we obtain (3.21) and (3.22) in the form 
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y=sll+reKe+@}, y=s@; 
z= 5(8), 2=slitpsKe+@}. 


The parametric representation (3.20) reduces therefore to 
| xt=cos 6 - s(1+7_Ks*) +50, 
x?=sin d+ s(1+75Ks2) +5. 


Consider on C a point P’, of which the curvilinear abscissa 
is /, and suppose that />0; that is, suppose that arcs are 
considered positive when measured from P toward P’. For 
simplicity, suppose we have chosen at P the direction of 
the positive «'-line to be tangent to C. Then the parametric 
representation (3.21) applies to C, and we have only to 
set s5=/ to obtain the coordinates, 


HiteakK—y)P+@}, lMdv+evt }, 
of the point P’. 
The same point P’ belongs moreover also to the chord 


PP’, represented parametrically by (4.1) and corresponding 
to s=a. Equating and dividing by /, we obtain 


(4.1) 


1+8GK-7)P+@=5 cos d+ (1t+ysKa"), 
(4.2) 
dylt4yP + @ =5 sind - (1+rsKa*), 


which define a// and @ as functions of / and of the quan- 
tities y, y relative to the curve C, and K relative to the 
surface o, all evaluated at the point P. 
Immediately, dividing the second equation by the first, 
we obtain 
1 all xD 
cand tO=dIt+ H+ © 


showing, as was a priori evident, that tan 6 is a small quan- 
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tity of the first order. Moreover, by the Maclaurin de- 
velopment, we have tan 6=0+ @), since tan @ is an odd func- ~ 
tion, and therefore 
6=37/ + er? + ©, 

cos 6=1— f7y’?+©. 

With the above value for cos 6, the first of equations (4.2) 
gives successively, when we neglect terms of the first order, 


(4.3) 


Gees 


1+@, 


~S 


then the second, 
+=1+@, 
and finally only the third, 
1+8GK—y)P =F 37?) (L4+asKP) + ©. 


In the last binomial we have written / in place of a, since 
the difference between K/? and Ka? is not merely of the 
third, but actually of the fourth order. We have thus 


f= {1+84K —)P} (1-+472) (1 KP) + © 
=1 men mt a ®, 


or, if we please, 


(4.4) a=l\1—gyv?+ @}, 


a well-known relation between the length of a small arc 
and its chord, for a plane curve or for a curve of ordinary 
space.'' For a curve drawn on an arbitrary surface, where — 
vy denotes its geodesic curvature and a is equal to the length 
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of the geodesic chord, the result has already been noted by 
Darboux,” who has carried out the calculation through the 
fourth order inclusive. Even in stopping at the third order 
we could expect K to be involved, since in the course of 
the calculation we are concerned with terms of the third 
order in the parametric development, which depend in gen- 
eral on the first and second derivatives of the coefficients 
of ds. The result shows that it is not so; nevertheless, I 
have not succeeded in accounting for this by any synthetic 
considerations. 

Remark. In formula (4.4), the value of y corresponds to 
the point P, one of the two extremities common to the arc 
and to its chord. To the same order of approximation, we 
can replace the value of y at P by its value at the other 
extremity P’, or more generally at an arbitrary point V/ 
interior to the arc PP’. Indeed, if s</ is the curvilinear 
abscissa PM of M, we have, according to the formula of 
finite increments, 


Yu = vi1+@}; 


this assures the validity of (4.4), out to terms of the second 
order inclusive, for an arbitrary point M of the arc PP’ at 
which we calculate the value of y. 


5. RETURN TO THE TRIANGLE P),P)41Pr42. 
TRIANGLE OF GEODESIC CHORDS. RELATIONS BETWEEN 
THE SIDES AND THE ANGLES OF THESE TWO TRIANGLES 


We return to the triangle P;P:4:Pi42 to remark that, from 
the qualitative point of view with respect to sense and sign, 
the entire development proceeds, if the triangle is sufh- 
ciently small, as in the case of small circular triangles in 


the plane (§1). 
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Henceforth, we fix our attention on an arbitrary vertex 
P,, and continue to denote by ~ the angle of the given ~ 
triangle, formed at P, by the two curvilinear arcs P,Pisi 
and P;P+2, by on the angle formed at P, by the correspond- 
ing geodesic chords PiPri1 and P,Pi42 As in §1, we find 
it convenient to introduce the two angles 8 comprised, at 
the point P, between the arcs P,Piss, PrPai2 and their 
chords. We designate them Br,,41 and ,,x42, respectively, 
the first index referring to the vertex. In §1, because of a 
property of the circle, we had only three angles 8, and the 
first index sufficed. For example, with respect to the arc 
P,Prit, we had two equal angles 6, ,,4: and By41,2, both of 
which we designated B42. Here we have introduced six ’s 
with two distinct indices each. Their evaluation has been 
substantially made in the preceding section: we have only 
duly to specify formula (4.3). 

We apply formula (4.3) first to the angle §;,441 com- 
prised at the point P, between the arc P,P,41 and its chord. 
Then §;,.41 identifies itself with 6 provided we replace / by 
the length J,4. of the arc P,P,.1 opposite the vertex P)1.2, 
and y, y by Yn42 Yaz, or more specifically by (ya+2) Pry 
(Yn42) Py 1f we wish to exhibit the point of the arc P,Pias 
to which the value of the curvature and its derivative refer. 
Thus we have 


(5.1) Bu n41=2(Yn42) Psat o(Yn42) Palnset @. 


The sign of By ,,41 1s that of the preponderant term; that 
is to say, since the lengths / are essentially positive, the sign 
of (Yn+2)p,- This follows necessarily in conformity with re- — 
marks made in §1 relative to formula (1.1). Of course, we 
can give to h the values 1, 2, 3, with our usual convention — 
of reducing the indices h-+1, h+-2 modulo 3. The notation — 
- indicates differentiation with respect to the length of the 
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arc P,Pai:, taken from P, toward P,41, that is, in the sense 
PiPisztPiss adopted as positive for tracing the perimeter of 
the triangle. 

Consider now the other arc P,P,,. abutting on the point 
P,, and the angle B,,,42 which it forms with the correspond- 
ing chord P,P,,42. Its expression, furnished directly by (4.3), 
is 


Bu nse=3 (You) erate (tra Gut®, 


where the index h+1 refers to the arc P;Pi42, opposite the 
vertex P,,:: here evidently we must regard the derivative 
Yau1 of the curvature as being evaluated, with respect to 
the arc P,Pi12, for the direction toward P)4.. The sense 
does not coincide this time with the positive sense of circu- 
lation P,Pr4:Pr42, but is reversed. If we make the conven- 
tion that the superposed dot + always designates a deriva- 
tive evaluated in the sense of circulation PrPr41Pr42, adopted 
as positive on the perimeter of the triangle, we must replace 
the sign + by the sign — in the second member of the above 
formula. We then obtain 


(5.2) OS Ee ee enc no. 


The rule to remember is that in the expressions of the 6’s 
of two indices, if the order of the indices is progressive, as 


in formula (5.1), the second term has the sign +, while if 


the order of the indices is retrogressive, as in formula (5.2), 
the second term has the sign —. 

In formule (5.1) and (5.2) appear y and y relative to 
one same arc, namely, for a convenient choice of indices, 
Pi:Pi42, related one time to Py, the other time to Pays. 
To verify that this is so, we write h+1 in place of h in for- 
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mula (5.1), and take account of the point at which the 
evaluation is made, obtaining 


Brat .ns2=F(10) Py ab e(Vn) Plat O3 
and h+2 in place of h in (5.2), obtaining 
Br42,r41= 4(yn) Praglh = &(Vn) Prasat @). 


We find it advantageous to make our evaluations, for these 
two formulz, at the midpoint M; of the arc PyiiPii2, We 
have, for the positive sense of circulation, 


(Yn) als = (Yn) Pyaalh +B) P,, Le + @®, 
(Yn) Pyasln = (Yn) mn +3 (Mn) ubit®. 


Noting that 
(in), lk = (WW a+ @ =n, + ©, 


where we have suppressed the specification as to point when 
the evaluation is made at M;, we obtain 


(Yn) P= nh — dh + ©, 
(Yn) Py pt = Yala + 5% + ©, 


and the preceding expressions for Brii,si2 and Pri2,n41 take 
the definitive forms 


(5.3) Brst,n42 =F —ToIal, + @, 
(5.4) Busoni =a + perl, t+ ©; 


where it is always the first index which denotes the vertex 
to which the angle is related; and +, and y, denote their 
determination at the midpoint M, of the arc Pyi1Phi. 
There are formulz analogous to (1.2) expressing the angle 
gn of the given triangle by means of the corresponding angle | 
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a, of the triangle of chords and by means of the £’s. They 
are precisely 


n= On+ Br nti t Br nse} 
when we solve for an, we have, according to (5.3) and (5.4), 


(5.5) ah = Gn—3 (Yates tynselass) 
—Ps(Yrslisi—Yrsahii2) +@, p= lee: 


In the relations (5.5), as well as in the relations (4.3) 
from which they were derived, the total curvature K of the 
surface ¢ in the neighborhood of the triangle does not figure 
in terms up to the second order inclusive. The same is 
true of the expressions of the lengths of the geodesic chords 
as functions of the curvilinear sides. Indeed, formula (4.4), 
related to the arc PyiiPi42 of length J,, gives, for the geo- 
desic chord a, 


(5.6) a=hl1—grrh) + @}, 


where it is permissible, according to the last remark in §4, 
to regard y, as being determined at the midpoint M, of 
the arc PriiPie- 

We have in formulz (5.5), (5.6) all that we shall need in 
the next section in order to establish, to second approxima- 
tions, the trigonometry of small curvilinear triangles on o. 


6. TRIGONOMETRIC RELATIONS 


The triangle of geodesic chords has sides a, and angles ay, 
In our approximation, disregarding terms of the third and 
higher orders, we can consider the surface o, in the neigh- 
borhood of an arbitrary point O of o, as a variety of constant 
curvature, K, the determination of K being computed at 
the point O.'° 

It follows that, for the geodesic triangle having sides ap 
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and angles a, the formule of spherical or Lobatschewskian 
trigonometry are valid, depending on the sign of K. We set — 


rate 
K=5 
with 
RU tore, 
and 


—iR>0O for K <0. 


Confining ourselves to the theorem of sines, we must trans- 
form, either for the sphere or for the pseudosphere, the for- 
mulz 


rie 
[R| 


where for simplicity we have put 


(6.1) |sin a,|=—55 sin an, h=ip2es 


(6.2) a= Feu 


Now /, independent of h, is called the modulus of the 
spherical or pseudospherical triangle. Its value, expressed 
for example by means of the sides alone, is given by 


CF ae ey ee 
[R| {1— cos? ai—cos? a}—cos? ah+2 cos aj cos a cos a3} }” 


Some interesting remarks might be made about the ex- 
pression (6.3) of J, but for the sake of brevity we shall not 
dwell on them. We restrict ourselves here again to develop- 
ing the theorem of sines; that is to say, we introduce in 
formulz (6.1) the expressions (5.5) of the a, and the ex- 
pressions (6.2), (5.6) of the a, which may be written 


(6.4) a. =2(1 soit @). 
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This is just what we need for our specified order of ap- 
proximation. We have only to solve finally for the side J, 
of the curvilinear triangle. One such calculation already 
has been made, to the first approximation, in §1; it led us 
to the expressions (1.10) of the J, as functions of the angles 
gn (and of the y, and the auxiliary J). In this connection, 
it is important to remark that the auxiliary length J, intro- 
duced actually as factor of proportionality in formulz (6.1), 
is equal in the first approximation to the quantity desig- 
nated by the same letter in §1. 

Indeed, starting from equations (6.1) and taking account 
of the fact that aj is either real or pure imaginary, so that 


a,” is real in any case, we obtain immediately 


lax’ |{1-4a,?+@} = z SIN ap. 


Replacing |a’| by its value (6.4), and noting that in virtue 
of formulz (6.4), 


21-40) fe abertenlele’ +@® 
h R > 6%h 6 R? 5) 


we obtain 


a = val sin caf 1 +2 5 sin? a, +etry?2 l2+ @}s 


whence in particular 
,=/sin a(1+@}, 


which coincides, up to terms of the first order, with the 
characterization of J which follows from (1.5) by means of 
(1.6). 

In the parenthesis in the above formula for /,/|R|, when 
we take account of the second order also, we can simply 
replace a, by g and likewise J, by / sin ¢, since in doing 
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so we neglect only the third order relative to unity. We 
have therefore, writing K in place of 1/R’, 


(6.5) l,=[sin m{1+282 sin? o(K+47,)+@}. 


There is left only the evaluation of sin o, up to the second 
order inclusive, as function of the g, and . 
Writing for the moment 


(6.6) Ox =3 Yasha tyn soln +2) +45(% GE wth halk +2) 


we obtain (5.5) in the form 


an = Pra— Ont @), 


whence 
SiN a, =SiN gp, COS 5,—COS g sin 6,+@). 


Taking account of the circumstance that 6, is of the first 
order, and neglecting as always the third order relative to 
finite terms, we obtain 


sin a, =sin on(1—48,) —cos g, + 6,+@). 


2 . . 
In 6,, according to (6.6), we may retain only the square of 
the first term. There remains therefore 


(6.7) sin a, =sin ont 1—Byn sales +Ynsoln4e)?} 
— COS ¢;, - OS = ®, 


where 6, is defined by (6.6). The terms of orders 0 and 1 
already have been calculated in §1, formula (1.8). Accord- 


ingly, they can be written, by (1.9), sing, and yy sin gy 
where 


(6.8) Wh, =31(y, cos Or—3T cot Cn). 


On the other hand, the term », sin g, of second order in | 
(6.7) is, by (6.6), 
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—SIN gy - 5 (Yasar +Ynsaln+2)? 
Laieapare Sey o 
—COS ga + Te(Vrslnsat+Yaselnse)- 


Here we may replace 41 and j,42 by J sin gaa: and J sin gy 42, 
and obtain 


= —P{R Yn sin CnsitYn+e SIN Gn42)? 
1 ; : d : 
+ ye COt GalYn41 SIN? Gps Yn42 SIN? Gn+2) } . 


For symmetry, we introduce as in §1 the triangular curva- 
ture 


3 
(6.9) T= +>, Yr SIN Gry 
1 
and the analogous trinomial 
3 . 
(6.10) 7’ =4) na Sin? gp. 
i 


Now we can give to the expression of x, the form 


p= —P{137r—y, sin Gn)? 


O41 ; 
( ) + 5 cot gn(3r’—“Ya sin? g)}. 


We always can write (6.7), when we separate terms of dif- 
ferent orders, in the form 


(6.12) sin a,=sin g, - {1 tytxut@}. 


Noting that sin a may be replaced by sin g, when it is 
multiplied by a term of the second order, we obtain finally 
from (6.5) and (6.12) 


L 


h 
|R| sin Dn 


(6.13) =]{1+ynt x+42 sin? o- (K+iv?)+@}. 


This is the form of the theorem of sines to the second ap- 
proximation, with y, and x, having values (6.8) and (6.11). 
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7. REMARK ON THE THEOREM OF LEGENDRE 


In the calculations of the preceding section we have used, 
for the triangle of chords, the formule of spherical or pseudo- 
spherical trigonometry. One might perhaps be inclined to 
think that, in the approximation of the second order with 
which we have contented ourselves, one could apply first 
the theorem of Legendre, which, to the same degree of ap- 
proximation, reduces the resolution of a geodesic triangle 
on a surface of constant curvature to that of a plane tri- 
angle having the same sides, and angles modified by one- 
third of the excess (a:-++-a.+a3)—7. Actually, this is not 
the case; and here is the reason. 

One arrives at the above enunciation of Legendre’s theo- 
rem by establishing the fact that the same three inde- 
pendent relations are satisfied up to the second order 
inclusive by the elements of a spherical or pseudospherical 
triangle and those of the corresponding plane triangle. It 
does not follow in an absolute manner, since we are not 
dealing with rigorous equalities, that every combination of 
three relations is equally valid to the same order of ap- 
proximation. Precisely in the theorem of sines we see that 
the equivalence subsists only in the first, but not in the 
second approximation. 

That is why we have had to take as point of departure 
the formulz (6.1) of spherical or pseudospherical trigonom- 


etry, without first reducing them by means of the theorem 
of Legendre. 


8. GENERAL INDICATIONS CONCERNING 
APPROXIMATIONS OF HIGHER ORDER 


I. The plane case. The parametric representation of 
plane curves, considered in §2, can be extended, with the 
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aid of the Taylor development according to increasing 
powers of the arc s, up to an arbitrary order m. We make 
the hypothesis, of course, that each arc of curve in question 
behaves, with respect to the geodesic curvature y and its 
derivatives, in a manner analogous to that admitted for 
the first two approximations. We suppose in particular 
that if / is the arc length and 


Vo Vomiek 1a. oy 


the values of the curvature and its derivatives at an ar- 
bitrary point of the arc, then the products 


ly, Ly, ee) ie Dee en ge), 
which are pure numbers, are of order not less than 
15925 Ss isles ll 


respectively. Then, if we consider first the unit vector 4, 
tangent to the curve, we see, from the formule of Frenet, 
that ¢(s) can be represented, up to the order m inclusive, 
in the form 


(8.1) t(s) = A(s)to+B(s)no. 


Here A4(s) and B(s) are polynomials of degree m in s, the 
coefficients being polynomials in the values of y and its 
derivatives, y, ---, y("-), evaluated for s=0, or just as 
well for any other value of s between 0 and J; ¢) designates 
the value of t for s=0, and m is ¢) turned through an angle 
a/2 in the positive sense. 

If Q(s) designates the variable point of the arc under 
consideration, we have 


so that, by integration of ¢(s) from s=0, corresponding, 
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say, to the point P, up to a generic s, we obtain the para- 
metric representation of the arc. For brevity we put 


Elsy= SEA (sds, Ds) =S0B(s)ds, 


the y’s figuring in the preceding 4 and B being treated as 
constants relative to the integration, and obtain for the 
other extremity P’ of the arc, corresponding to s=/, Q=P’, 


(8.2) P’—P=@6()t.+DDno, 


while, for the tangential versor (unit vector) ¢’ at the point 
P’, we set s=/ in (8.1) and obtain 


(8.3) =A Dt+B no. 


On the other hand, if u designates the versor of P’—P 
and a its length, we have 


P'=P=Gu; 
so that we can give to the vectorial equation (8.2) the form 
(8.4) au=G6(1)tr+D(l)no. 


Now (8.4) is equivalent to two scalar equations, while (8.3), 
expressing the equality of two versors, yields only one. The 
set of three equations allows us to deduce, for the lunar 
figure formed by an arc PP’ and its chord PP’, both the 
length a of the chord and also the values of the two angles 
between chord and arc at vertices P, P’, as functions of 
Isa a it Aa A ta 

If now we consider, in the plane, a small triangle P, Pi 
Py42 having arbitrary curves as sides, we accordingly can 
obtain for each side the length a of the chord and the two 


angles Ba+1,n+2 Brsoynsi as functions of Ih, Yay Yay -** 5 Yuh™ De 


1 
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And we have, as in §4, for the angles a, of the triangle of 
chords, 


On = n— (Br4t,n42+ Brse,n41)s 


the g, being the angles of the curvilinear triangle. 

Thus we have only to replace, in an arbitrary relation 
of rectilinear trigonometry, the a, and the a as functions 
of Lh, Shy Vix Yay * > > 5 Yn"), in order to deduce the correspond- 
ing formula, relative to the curvilinear triangle, exactly up 
to the order m inclusive. 

II. The sphere. All the preceding can be carried over, 
mutatis mutandis, to arbitrary small curvilinear triangles 
on a sphere or pseudosphere, proper account being taken, 
in the course of the calculations and in the final formule, 
of the value K of the constant total curvature. 

Ill. Arbitrary surface. The method followed in §§3-5S, 
with m=2, for an arbitrary surface, and the preceding sup- 
plementary sketch, in the case of the plane, for an arbitrary 
m, can be combined. We accordingly introduce, not only 
the derivatives of the geodesic curvature up to the order 
m—1, but also the values of the total curvature K and of 
its partial derivatives up to the order m—2, these last evalu- 
ated at an arbitrary point of the triangle. 

It will be helpful, in connection with our general con- 
siderations, to recall a circumstance which is well known 
for geodesic triangles.” It is that we generally cannot at- 
tain relations involving only sides, angles, geodesic curva- 
ture y of the sides, total curvature K of the surface, and 
their derivatives. This is because of the metric non-homo- 
geneity of the surface o, which makes the position and orien- 
tation of the triangle significant in the computations. In 
general, therefore, we cannot eliminate the coordinates of 
the vertices, or any other absolute element which we might 
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introduce in order to effect the calculations or to fix the 
values of K and its derivatives at a certain point. We are © 
assured a priori that this difficulty does not exist for sur- 
faces admitting a three-parameter group of motions; but 
such surfaces are surfaces of constant total curvature, which 
we already have treated. 

IV. First and second approximations. We have treated 
in detail the cases m=1 and m=2. It is true that for m=1 
we have first relied ($1) on elementary geometry in the 
plane; but we have later pointed out, at the end of §5, 
that the results for the first approximation are independent 
of the curvature K, since K enters only in terms starting 
with the second. In the first approximation, all our results 
concerning small plane triangles formed by three circular 
arcs hold in the general case. 

For m=2, the analysis developed in §§4-6 reveals that 
the curvature K, which figures only in terms of the second 
order, can be used as evaluated at a single point of the 
triangle. There is therefore no difference between the gen- 
eral case and the case K =constant, and we may if we wish 
consider that we are dealing with the sphere if K >0, or 
with the plane if K =0, or with the pseudosphere if K <0. 

It is perhaps of some interest to add one more word con- 
cerning the canonical model which proves suitable for the 
sides of our curvilinear triangle. 

For m=1, as we have just remarked, each side can be 
identified with a small circular arc, an arc of its osculating 
circle. 

For m=2, we must take account also of y for those curves 
on which the geodesic curvature is not constant; otherwise 
the choice of canonical type is arbitrary. Thus, confining 
ourselves specifically to the sphere, we can for example take 
recourse to loxodromic curves; and it is perfectly permis- 
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sible for us to restrict ourselves, for m=2, to spherical tri- 
angles formed by loxodromic arcs: we must however use 
loxodromic arcs related in general to different poles for the 
three sides. 


NOTES 


1See in particular Darboux, Lecons sur la théorie générale des surfaces, t. 3 (Paris, 
Gauthiers-Villars, 1894), Livre VI, Chap. VIII. 

2“Sulla curvatura delle superficie e variata,’’ Rend. del Circolo Mat. di Palermo, 
t. XLIT (1917), pp. 227-259. 

“Terne di congruenze sopra una superficie ed estensione delle trigonometria,” 
Compositio Mathematica, vol. 1 (1934), pp. 115-162. See also A. Tonolo, “Il teorema 
dei seni per i triangoli infinitesimi tracciati sopra una superficie,” ibid., vol. 2 
(1935), pp. 424-437. 

‘“Der approximative Sinussatz fir kleine Dreiecke auf krummen Flachen,” 
ibid., vol. 3 (1936), pp. 52-54. 

5In the relations (10’) and (14), given in Chapter III of my cited memoir, there 
is apparently a change of sign with regard to the binomial y,cose,—3rcot¢,. This 
comes from the circumstance that the angles designated there by y do not co- 
incide with the actual g, but with their supplements *—g,, which are angles ex- 
terior to the triangle. 

6This is exactly the same as the convention adopted in the preceding section 
relative to the curvature of the sides of a curvilinear triangle; the sense of the 
couple ¢, 7 is fixed, in the case of the triangle, as follows: t, for each side, is directed 
in the sense of describing Pr P41 Pri2; nis directed toward the interior of the 
triangle. 

7This deduction from the formulz of Frenet, and also the deduction for curves 
in space, may be found in all the modern treatises on differential geometry. See 
for instance W. C. Graustein, Differential Geometry, New York, Macmillan, 1935, 
p. 39; or W. Blaschke, Vorlesungen tiber Differentialgeometrie, Berlin, Springer, 
B. I. (3. Auflage, 1930, p. 26); or G. Julia, Eléments de Géométrie injinitésimale, 
Paris, Gauthier-Villars, 2 ed., 1936, p. 129. 

8See for instance my Absolute Differential Calculus, edited by Dr. E. Persico, 
Glasgow and London, Blackie, 1927, pp. 139-140. 

9We could dispense with the direct verification by referring to the general case 
of a Riemannian variety of an arbitrary number of dimensions. The extension 
of the formule of Frenet has been pointed out by Blaschke, “‘Frenet’s Formeln 
fiir den Raum von Riemann,” Math. Zeitschrift, B. 6 (1920), pp. 94-99, and sub- 
sequently has been the object of a large number of publications. See in particular 
L. P. Eisenhart, Riemannian Geometry, Princeton University Press, 1927, pp. 
103-107. 

10See my note, “Forme canoniche dei ds? binari con data curvatura totale,” 
Rend. Acc. Lincei, vol. 25 (1937), pp. 197-205. 

Ut is obtained immediately from the canonical representation of a curve in 
the neighborhood of one of its points. See for example Julia, Joc. cit., note 7, p. 132. 
E. Cesaro has obtained it by direct considerations on page 194 of his Elementi di 
calcolo infinitesimale, Napoli, Alvano, 1905. 

27 oc, cit., note 1, p. 176. 
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18The remark is almost trivial since, in the canonical representation of a curve 
in the neighborhood of a given point of the curve, the variation of the curvature 
affects only the terms in the fourth and higher powers of s. For more details one 
can see my recent note, previously cited, note 10, as well as the paper of Professor 
Severi, loc. cit., note 2, especially pp. 232-241. 

14Jn the case of the sphere, with R>O, the first members of equations (6.1) 
have to be sin(aa/R), that is to say sin a’, which is equal to |sin a;’|, for a,’ posi- 
tive and sufficiently small. In the non-Euclidean case, where R is a pure imaginary 
with —iR>0, we have only to replace sin(a,/R) by S, the hyperbolic sine, of the 
argument a,/|R|. To show that it is again |sin a;’|, we start from 


Gah —ia/| RI, 
whence 
sin a,’ = —sin ia,/|R|= —7S(a,/|R)). 


Equating the moduli of the two members, we obtain 
[sin an’|=S(an/|R)). 


See for example Bianchi, Lezioni di geometria differenziale, t. I (3rd ed., Pisa, 1922, 
p. 638). 
Cf, Darboux, loc. cit., note 1, pp. 181-182. 
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